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Abstract The intensity of explosive volcanic eruptions is correlated with the amplitude of eruption
tremor, a ubiquitously observed seismic signal during eruptions. Here we expand upon a recently introduced
theoreticalmodel that attributes eruption tremor toparticle impacts anddynamicpressure changes in the tur-
bulent flow above fragmentation (Gestrich et al., 2020). We replace the Rayleigh wave Green’s functions used
in their study with full Green’s functions, and we generalize their point source model to an extended source
model that accounts for depth variation of input fields using conduit flow models. The conduit flow models
self-consistently capture covariation of input fields like particle velocity, particle volume fraction, anddensity.
Body wave contributions become significant above 2-3 Hz, bringing the power spectral density (PSD) of erup-
tion tremorcloser toobservations. Conditionsat theventarenot representativeof flowthroughout the tremor
source region and using these values overestimates tremor amplitude. Particle size and its depth distribution
alter the PSD andwhere dominant source contributions arise within the conduit. Our work demonstrates the
ability to integrate conduit flow modeling with volcano seismology studies of eruption tremor, providing an
opportunity to link observations to eruptive processes.

1 Introduction
Volcanic eruption tremor is a seismic signal that is uni-
versally observed during explosive eruptions. It occurs
within the 0.5-10 Hz frequency band and is character-
ized by its incoherence, distinguishing itself from har-
monic and pre-eruptive tremor (Chouet and Matoza,
2013; Matoza and Roman, 2022). Hereafter, we use the
term “tremor” to refer to eruption tremor, which is
the focus of our study. McNutt and Nishimura (2008)
compiled examples of tremor from several different
eruptions and found that the temporal evolution of the
tremor amplitude during the course of an eruption fol-
lowed similar trends: an initial stage of exponential in-
crease, followed by a period of maintaining maximum
amplitude, ending with an exponential decrease in am-
plitude. There have also been a number of empiri-
cal relationships observed between tremor amplitude
and eruption parameters, such as vent cross-sectional
area, volcanic explosivity index (VEI), and ash plume
height (McNutt and Nishimura, 2008; McNutt, 1994).
These commonalities across different events could in-
dicate common physical processes occurring during
sustained eruptions. Leveraging the apparent connec-
tion between eruption tremor and other eruption pa-
rameters (e.g., plume height) has motivated the use of
tremor to make real-time assessments of eruption size
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and intensity (Haney et al., 2018; McNutt, 1994; McNutt
and Nishimura, 2008; Ichihara, 2016; Caplan-Auerbach
et al., 2010; Prejean and Brodsky, 2011). This is im-
portant for evaluating aviation hazard from eruption
plumes.

However, there are several examples of tremor de-
viating from the average behavior. During the 2016
eruption of Pavlof Volcano, Alaska, tremor amplitude
and plume height evolved proportionally in the early
stages of the eruption; however, during the final stage,
tremor amplitude decreased while the plume height re-
mained high, deviating from what the empirical rela-
tion between the two would suggest (Fee et al., 2017).
Clearly, there is a need to gain a better understanding
of the tremor source to improve the utility of tremor
in hazard assessments. Tremor is also often observed
in infrasound (acoustic) data, as studied for the 2016
Pavlof eruption. Similarity between acoustic and seis-
mic tremor amplitudes throughout the event suggests
they share the same source, which would require cou-
pling to both the atmosphere and the earth (Gestrich
et al., 2020).

Gestrich et al. (2020) propose a tremor source mech-
anism arising from particle impacts and turbulence
within the conduit above the fragmentation depth. The
authors aim to reproduce the spectral content of seis-
mic tremor generated during sustained explosive erup-
tions by adapting power spectral density (PSD) mod-
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els of riverbed seismicity. A hysteresis between tremor
amplitude and water level—similar to the one ob-
served at Pavlof between tremor amplitude and plume
height—was observed in fluvial systems, which Tsai
et al. (2012) found could be explained by dynamic pres-
sure changes arising from turbulent flow and impacts
along the river-bottom of particles eroded from the
riverbed. As the flow increases, erosion of the bed
leads to large particles being carried along in the tur-
bulent flow and colliding with the interface; eventually,
the high particle load is cleared, leading to reduction
in impacts even though the water level remains high.
Eruptive flow in volcanic conduits above fragmentation
exhibits similar characteristics: it is a particle-laden
fluid comprised of magma clasts and eroded lithics car-
ried by turbulent gas, which flows along a rough sur-
face (the conduit walls) in response to a pressure gradi-
ent (the driving overpressure gradient countering grav-
ity). Some notable differences between the two systems
include the suspension fluid and geometry/orientation
with respect to gravity.
Adapting this fluvial model, Gestrich et al. (2020)

present one of the few theoretical studies of the erup-
tion tremor source. The authors develop a point-source
PSD model taking into account the different geometry
andflowparameters for the eruption, and then convolv-
ing forces arising from particle-impacts and turbulence
with Rayleigh-wave Green’s functions to obtain the seis-
mic response. As a simplifying approximation, they as-
sume spatially uniform values for eruption parameters
such as the particle velocity and particle volume frac-
tion, whereas these may vary considerably in the con-
duit above fragmentation. They performed a sensitivity
analysis of the input parameters, finding that the rep-
resentative grain size of the particles and the seismic
wave propagation properties had the largest impact on
the PSD. However, when comparing the model with ob-
servations at Pavlof, extreme parameter values (in par-
ticular, large grain sizes≈0.5m)were required tomatch
the observed seismic PSD. The proposed explanation
for the observed hysteresis is a reduction in grain size as
the eruption progressed. The extreme parameter value
requirements indicates thismodelmay not be generally
applicable, or that certain simplifying approximations
in the model formulation need to be relaxed.
We expand on this work by generalizing components

of the particle impacts and turbulence (referred to in
this work as PIT) tremor model to utilize more realistic
descriptions of the conditions in which tremor occurs.
First, we use full Green’s functions to describe seismic
wave propagation, instead of Rayleigh-wave only. We
find that accounting for body wave contributions in ad-
dition to surface waves increases the PSD amplitude by
up to 70 dB in the >2.5 Hz band. We also adapt the PIT
model to allow for depth variations of the tremor source
properties. This allows us to use a conduit flowmodel to
provide the depth-dependent density, velocity, and par-
ticle volume fraction throughout the conduit. We apply
the modified particle impacts and turbulence (referred
to as mPIT) model to solutions from a steady-state con-
duit flow model, but note that the formulation could be
equally well applied to an unsteady conduit flow model

to capture the time evolution of tremor over the course
of an eruption. We leave this for future work. Instead,
we explore the influence of spatially variable velocity,
particle volume fraction, and grain size throughout the
conduit on predicted tremor. In addition, we use a se-
quence of steady statemodels with differentmass erup-
tion rates (obtained by varying chamber pressure) to ex-
plore the evolution of tremor over the course of a wan-
ing eruption.

2 Summary of particle impacts and
turbulence tremor sourcemodels

Herewe present an overview of themodel components;
for more specifics, we refer the reader to Gestrich et al.
(2020). Focus is restricted to the region above frag-
mentation, where flow is turbulent. This is also con-
sistent with the hypothesis that the similarity in acous-
tic and seismic signal indicates source coupling to both
the earth and the atmosphere. The authors also focus
on vertical component velocity seismograms. The au-
thors build up one-sided velocity PSD models for par-
ticle impacts and turbulence separately, assuming that
particle impacts and dynamic pressure changes from
turbulence are randomand uncorrelated. The total PSD
model is the superposition of the two. There are three
components needed to calculate the PSD: a description
of seismic wave propagation (i.e., Green’s functions),
how much momentum gets imparted to the surround-
ing earth, and how frequently does momentum trans-
fer occur. Below we summarize the decisions and as-
sumptions made by Gestrich et al. (2020) to define each
of these components for the two source models.
For sufficiently shallow sources (e.g., depths much

less than the wavelength of the target frequency λ =
v/f = 2000 m/s / 1 Hz = 2 km), the authors approximate
the Green’s function using surface-to-surface Green’s
functions, as well as treating the forces on the conduit
walls as point sources acting in different directions. In
addition, by considering only the vertical component of
the seismograms, the authors make the simplifying as-
sumption that Rayleigh waves will likely dominate the
signal. The vertical component of the Green’s function
used for a force acting in direction i takes the following
form:

Gzi ≈ k

8ρsvcvu
Ni

√
2

πkr
e−πfr/(vuQ), (1)

where k = 2πf/vc is wave number, ρs is solid den-
sity, Q is the Rayleigh-wave quality factor, r is source-
receiver distance, vc and vu are theRayleigh-wave phase
and group velocity, and N = (0.8, 0, 0.6) for radial,
tangential, and vertical forces captures the horizon-
tal/vertical ratio of Rayleigh wave eigenfunctions asso-
ciated with the density and velocity profile of a generic
rock site (Boore and Joyner, 1997; Gimbert et al., 2014).
The Rayleigh wave phase and group velocities were cal-
culated using a generic volcano velocity model from
Lesage et al. (2018).
The volcanic conduit is assumed to be a vertically ori-

ented cylinder with rough walls modeled with rough-
ness half-spheres of varying diameters (see Figure 2 in
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Gestrich et al. (2020)). Particles are assumed to pref-
erentially interact with roughness spheres of the same
size, leading to an impact rate defined as:

Rimpact = δu

D3 φpp(D), δu = 0.1u0, (2)

where δu is the magnitude of velocity fluctuations,
φp is the particle volume fraction, u0 is the mean flow
velocity, D is particle grain size, and p(D) is the grain
size distribution. This means that larger particles im-
pact less often because fewer large roughness spheres
can fit between the fragmentation depth and the vent.
The impact force from the particle collisions along the
walls is treated as an impulse force. It is assumed that
only the component of the force normal to a roughness
sphere (not necessarily normal to the conduit) imparts
momentum to the earth. The particle velocity at impact
is composed of two contributions: the mean flow veloc-
ity and fluctuations about the mean flow due to turbu-
lence. The mean flow velocity is assumed to be only in
the vertical direction and varying only radially (i.e., in-
dependent of depth). The radial velocity profile is cho-
sen to follow a logarithmic profile for turbulent flows in
rough pipes. The flow velocity at the maximum rough-
ness height sets the mean flow velocity. The authors as-
sume that the turbulence in the flow is isotropic, which
means that fluctuations around the mean flow velocity
are equal in all directions. Therefore, they define ran-
dom directions and unit impulses associated with these
fluctuations and integrate over all impact angles, as-
suming that roughness is statistically symmetric around
the conduit:

Fx,y ≈ 0.36(1 + eb)mu0, Fz ≈ 0.29(1 + eb)mu0, (3)

where eb is the coefficient of restitution and m is the
particle density (assumed to be same as average rock
density). These can then be combined to calculate the
particle impacts PSD, after performing a surface inte-
gral over the conduit walls above fragmentation:

PSDimpact =
∫

D

2πR̂df Rimpact

2πf
∑

j

FjGzj

2

dD,

(4)
where R̂ is the conduit radius and df is fragmentation

depth. The full expression for the particle impacts PSD
for the PITmodel is as follows:

PSDimpact ≈ 5.8 u3
0f3(1 + eb)2φpD3

r

R̂df

rv3
c v2

u

e−2πfr/(vuQ),

(5)
where Dr = (

∫
D

D3p(D)dD)1/3 is the representative
grain size. Due to the D3 weighing factor in the inte-
grand, Dr can be several orders of magnitude greater
than the average (median or mode) grain size (see Fig-
ure S7 in Gestrich et al. (2020)).
The random eddies in the turbulent flow lead to ve-

locity fluctuations that cause dynamic pressure changes
along the conduit wall, exciting elastic waves. There-
fore for the turbulencemodel, the authors define a force

spectrum F̃—instead of defining impact rate and force
separately—using the velocity spectrum associatedwith
turbulent flow. Assuming that forces in different direc-
tions are independent, the turbulence PSD can be for-
mulated as follows:

PSDturbulence = 8π3R̂df f2
∑

j

F̃G2
zj , (6)

where F̃ is the force spectrum on the walls per unit
length of the conduit (units of N2m−1Hz−1). To calcu-
late the velocity spectrum, the authors follow Gimbert
et al. (2014) and assume that the turbulence at the point
of maximum roughness of the conduit walls is in the in-
ertial subrange (i.e., the boundary layer is very thin and
approximated by wall roughness height Db), so the Kol-
mogorov velocity spectrum can be used:

EK = Kε2/3k
−5/3
t , (7)

where K = 0.5 is the Kolmogorov universal constant,
kt = 2πf/uz(r)|r=R̂−Db/4 is the wave number of veloc-
ity fluctuations, and ε is the dissipation rate. This holds
for very large Reynolds numbers, like those observed in
explosive volcanic jets. In this subrange, energy dissi-
pation and production associated with the break-up of
turbulent eddies are assumed to be equal. Therefore,
the dissipation rate is defined using the energy produc-
tion rate from breaking up of larger eddies:

ε(r)|r=R̂−Db/4 = 1
κ

u3
∗

Db/4 , (8)

where κ = 0.4 is the Von Karman constant and u∗ =
0.06u0 is the shear velocity. The authors then use Tay-
lor’s frozen-turbulence hypothesis to define the velocity
spectrum in the frequency domain:

ẼK = 2π

uz(r)|r=R̂−Db/4
EK . (9)

The force spectrum is calculated by finding the drag
force on a roughness half sphere from the velocity fluc-
tuations described by the velocity spectrum:

F̃p ≈ (Cρguz(r)|r=R̂−Db/4A)2ẼKχ2
fl, (10)

where C = 0.5 is the drag coefficient, ρg is the gas
density, A = πD2

b /4 is the area the force is applied over,
and χfl = 1 is the fluid-dynamic admittance. Note that
they assume a fixed roughness height and that force
time series for different roughness patches are uncor-
related. Thus, superposition of the force contributions
from all roughnesses is given by:

F̃ = NpF̃p = F̃p

D2
b

, (11)

where Np is the number of roughness half spheres
per unit area of the conduit walls. Putting this all to-
gether, the final expression for the turbulence PSD for
the PITmodel is

PSDturbulence ≈ 0.0011u
14/3
0 f4/3D

4/3
b

ρ2
g

ρ2
s

R̂df

rv3
c v2

u

e−2πfr/(vuQ).

(12)
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Figure 1 Recreation of Figure 10 from Gestrich et al. (2020). Observed seismic PSDs from 2016 Pavlof eruption are plotted
with dotted lines: T1 (red) is the period of sustained maximum seismic amplitude and T2 (pink) is the period of seismic am-
plitude decrease.

Gestrich et al. (2020) applied the PITmodel to the 2016
Pavlof eruption by exploring a range of plausible pa-
rameter values. Figure 1 is a recreation of Figure 10
from Gestrich et al. (2020) using their stated parameter
ranges. For their default parameter choices as well as
for parameters that minimize the PSD, the contribution
from turbulence is larger than that from particle im-
pacts. However, for parameters that maximize the PSD,
the contribution from particle impacts is much larger
than that from turbulence. This is primarily caused by
the sensitivity of the impacts model to grain size. Also
plotted in Figure 1 are the observed seismic PSD data
taken during two periods of the 2016 Pavlof eruption:
the period during sustained maximal seismic ampli-
tude (T1) and when seismic amplitude decreased while
plume height remained high (T2). We refer readers to
Figure 1 in Gestrich et al. (2020) for more context with
acoustic and plume height data. We follow the same
data processing scheme as Gestrich et al. (2020): data
taken from Station PS1A (about 9.5 km from the vent)
is band-pass filtered between 0.5 and 8 Hz and the PSD
is smoothed using a sliding median window of 0.33 Hz
length. As compared to the PIT model, the data show a
flatter PSD, especially at frequencies greater than 3 Hz.
We show that this discrepancy at high frequencies can
be reduced by accounting for body waves in addition to
surface waves. However, we find with the mPIT model
(presented in the next section) that extreme parameter
values are still required to match the observed power.

3 Model modifications

In this study, wemodify the particle impacts and turbu-
lence (PIT) tremor model developed by Gestrich et al.
(2020) in two ways: 1) replacing the Rayleigh-wave-only
Green’s functions with full Green’s functions, and 2) ex-
tending it to allow for depth variation of input fields ob-
tained from a conduit flow model. We then apply the

modified PIT (mPIT)model to results from conduit flow
simulations that are described in the next section.
The first modification to the PIT model is to replace

Rayleigh-wave Green’s functions with full Green’s func-
tions. The full Green’s functions are numerically cal-
culated using the frequency-wavenumber method (Zhu
and Rivera, 2002). This is a widely used numerical
method for solving the elastic wave equation when
properties vary only with depth, as is assumed in this
study. The method provides the full Green’s function,
including body waves as well as surface waves. Figure
2 shows the P- and S-wave velocity and density profiles
with depth. For consistency with Gestrich et al. (2020),
we use the generic volcano model from Lesage et al.
(2018) for the velocity profile v(z):

v(z) = v0

[(
z + a

1 m

)α

−
( a

1 m

)α

+ 1
]

, (13)

where z is depth inmeters and thefit parameters for P
and S waves are: [vp0 = 540 m/s, αp = 0.315, ap = 10 m]
and [vs0 = 320m/s,αs = 0.3, as = 15m]. These parame-
ters were empirically determined in Lesage et al. (2018)
by fitting (13) up to 500 m depths of velocity structure
data from different volcanoes. We extend this profile to
3.5 km, at which point the P- and S-wave velocities be-
comeunrealistically high; below that, the velocity struc-
ture is for a homogeneous half-space. For the rock den-
sity profile, we follow Gimbert et al. (2014) and use the
empirical relationship between rock density and S-wave
velocity developed by Boore and Joyner (1997):

ρs = 2500 + 93.75
[

vs

1 km/s
− 0.3

]
, (14)

where density is in units of kg/m3. To account for
attenuation, Zhu and Rivera (2002) assume that the P-
wave quality factor is twice the S-wave quality factor,
which we set to 30. We refer to Green’s functions based
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Figure 2 P-wave and S-wave velocity (vp and vs)and density profiles used to calculate full numerical Green’s functions.
Velocity profiles are from the generic volcanomodel in (13). Density is obtained using empirical correlations in (14).

on these assumptions as the full Lesage-Boore-Joyner
(LBJ) Green’s functions.
Figure 3 (b) shows a comparison between PSDs when

convolving a Gaussian (i.e. approximated delta func-
tion) force-rate history (Figure 3 (a)) with the Rayleigh
wave Green’s function (with quality factor of 30) and
the LBJ Green’s functions. At lower frequencies, the
signal PSD is dominated by Rayleigh waves, consistent
with the assumptions of Gestrich et al. (2020). How-
ever, at the higher end of the tremor frequency range
(>2.5 Hz), considering only the Rayleigh waves under-
estimates the power. The difference reaches around 70
dB at 5 Hz, which corresponds to 7 orders ofmagnitude.
The second modification to the PIT model is to ac-

count for depth variation of input parameters. The
depth-dependent parameters can be obtained from a
steady-state or unsteady conduit flow simulation. In
the following section, we provide details on the steady-
state conduit flowmodel that is used in the examples to
follow. We treat the conduit as a distribution of point
sources, as described in Coppess et al. (2022). We apply
the PIT model with full Green’s functions to each point
source, replacing the dependence on fragmentation
depth df with grid spacing dz (which comes from the
surface integral along the conduit walls). The source-
receiver distance and orientation are already accounted
for in the numerical Green’s functions. Then all the
PSD contributions are summed together to get the total
PSD. Following Gestrich et al. (2020), we assume an ide-
alized, vertical cylindrical conduit geometry. The gen-
eralization to a tilted cylindrical conduit would require
several minor modifications: replacing the direction of
the impact forces in equation (3) and changing the loca-
tion of the sources comprising the conduit, which will
slightly alter the radiation pattern and source-receiver
distances. We expect the differences from a cylindri-
cal conduit to be very small. More significant modifi-
cations would be required for non-cylindrical conduit
geometries such as dikes. These include changing the
turbulent velocity profile and force directions for both

turbulence and impacts.
In addition to the use of different Green’s functions

in the PIT vs mPIT models, there is an additional dif-
ference arising from assuming a point-source (PIT) vs
extended-source (mPIT). The extended source calcu-
lation involves different radiation patterns and differ-
ent source-receiver distances for different depth source
contributions. Given the shallow depths and the sta-
tion distances considered here, this effect is not as pro-
nounced as that from using different Green’s functions.
Figure 4 shows a comparison of the PIT andmPITmod-
els, assuming the same spatially uniform default pa-
rameter values used in Figure 1 and in Gestrich et al.
(2020) (this will not be the case for the remaining exam-
ples in this work). The frequency of maximum power
(approximately 1.5 Hz) is consistent between the two
models. However, the PSD shape is altered by using LBJ
Green’s functions, yielding a flatter spectrumacross the
1–5 Hz frequency band. The discrepancy between the
two sets of Green’s functions widens as frequency in-
creases beyond 2.5 Hz and reaches around a 70 dB dif-
ference at 5Hz, consistent withwhatwe observed in the
simpler delta function force-rate point source example
(Figure 3). As shown in Figure 4, this flat spectrum is
more consistent with the observed spectrum in the 2016
Pavlof eruption.

4 Applying tremor model to steady-
state conduit flow

In this section, we apply themPITmodel to steady-state
conduit flow solutions. We use an adiabatic quasi-1D
multiphase steady-state conduit flow model that solves
governing equations for mass, momentum, and energy
balance. All phases (melt, water, and crystals) are as-
sumed to be co-moving and share the same temperature
and pressure at a given depth. Modeled processes in-
clude exsolution of volatiles from the melt and magma
fragmentation. Fragmentation is modeled using a crit-
ical volume fraction criterion, where drag is reduced
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Figure 3 A. Force and force rate history convolved with Green’s functions. B. Comparison of full LBJ Green’s functions
(source depth at 150m) with Rayleigh-wave only Green’s functions at a station located 10 km away, both convolved with the
force rate history shown in A. Results are for the vertical component of velocity seismograms from a vertical force: ḞGzz .

to zero when the exsolved gas volume fraction exceeds
some threshold. Magma viscosity depends on dissolved
volatile and crystal content, calculated using the em-
pirical expressions in Hess and Dingwell (1996) (their
equation 7) and Costa (2005) (their equation 2 in Com-
ments). For specifics on the conduit flow model, we re-
fer the reader to Chapter 3 of Lam (2024b) andAppendix
A in Coppess et al. (2024). Only the relevant field val-
ues above the fragmentation depth are used for tremor
model input. Since particles are not explicitly modeled,
we define the particle volume fraction as the fraction
of the mixture volume excluding exsolved gas. Table 1
provides model parameter values used to calculate so-
lutions used in the following sections.
We perform a parameter study to learn how differ-

ent characteristics of the steady-state solution and in-
put field depth profiles influence the seismic PSD. In
the final section, we use the steady-statemodel to repre-

sent time snapshots of a waning eruption with decreas-
ing mass eruption rate (obtained by decreasing cham-
ber pressure).

4.1 Comparison of PIT andmPIT results

The steady state solutions are calculated for a 3 km-
long conduit, with fragmentation occurring around 2
km depth in the reference case. The total volatile (wa-
ter) content is 3 wt% and the crystal volume fraction
(volume of crystal phase / volume of the condensed
phase, where condensed phase refers to the mixture of
melt, dissolved water, and crystals) is depth-invariant
at a value of 0.4. Magma is injected through the bot-
tom boundary at a pressure of 90 MPa (in the reference
case). As the magma rises through the conduit, it de-
pressurizes due to drag along the conduit walls and re-
lief of the overlying weight. Depressurization of the
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Figure 4 Recreation of Figure 10 from Gestrich et al. (2020) comparing the PIT and mPIT models. In this calculation, the
input fields are assumed to be depth independent. A.Default values used in Gestrich et al. (2020). B.Min-max inputs as used
in Figure 1 in mPIT model. Observed seismic PSDs from 2016 Pavlof eruption are plotted with dotted lines: T1 (red) is the
period of sustainedmaximum seismic amplitude and T2 (pink) is the period of seismic amplitude decrease.

magma leads to volatile exsolution (i.e., formation and
growth of bubbles). Eventually, the mixture will be-
come so bubbly that the liquid matrix containing the
bubbleswill no longer be stable or strong enough to sus-
tain the bubbly mixture. At this point, the mixture un-
dergoes fragmentation, whereby the mixture suddenly
breaks apart and accelerates gas andmagma fragments
upward toward the vent. Figure 5 shows themPIT input
fields above fragmentation. The reduction in drag that
accompanies fragmentation leaves unbalanced forces,
accelerating the mixture upward. This is accompanied
by depressurization and expansion of the gas (i.e., re-
duction of particle volume fraction). The mixture con-
tinues to accelerate as it approaches the vent. In the
reference case simulation, the bottom pressure is suffi-

ciently high that flow chokes at the vent (i.e., magma is
erupted out at the mixture sound speed). Other simula-
tions used later to illustrate changes in eruption tremor
as mass eruption rate decreases feature subsonic out-
flow, and for those simulations we set pressure at the
vent to atmospheric.

The final two panels in Figure 5 show how the input
fields taken from the steady-state solution translate into
the depth profiles of parameter combinations appear-
ing in the integrand of the particle impacts (u3

0φp) and
turbulence (u14/3

0 ρ2
g) force spectra. The velocity field

has themost significant impact on the depth profiles, as
both models depend strongly on the mean flow speed.
Both models’ profiles increase with decreasing depth,
with the largest contribution at the vent, despite the
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Symbol Description Numerical value
g gravitational acceleration 9.8 m/s2

φcrit critical gas volume fraction (with respect to total volume) 0.75
td exsolution timescale 10 s
κ solubility constant 5 × 10−6 Pa−1/2

χ0 water mass concentration at chamber 0.03
ϕ crystal volume fraction (with respect to condensed phase volume) 0.4

Rwf exsolved (fluid) water specific gas constant 461 J/(kg K)
Tch chamber temperature 1050 K
pch chamber pressure 90 MPa
K condensed phase bulk modulus 1010 Pa

ρcond,0 reference condensed phase density 2600 kg/m3

pcond,0 reference pressure χ2
0/κ2

cv,wf exsolved (fluid) water heat capacity 1827 J/(kg K)
ccond condensed phase heat capacity 3000 J/(kg K)

R conduit radius 20 m
L conduit length 3 km

Table 1 Parameter values used in steady-state solution in Section 4.1. Bold indicates parameters that are changed in later
sections.

Figure 5 Fields above fragmentation depth from steady-state conduit flowmodel. Parameter values are listed in Table 1. In
the left three panels, vertical dashed lines mark the depth-averaged values of the field over the region plotted: 〈u0〉 = 20.2
m/s, 〈φp〉 = 0.059, 〈ρg〉 = 2.29 kg/m3. The dashed lines in the right two panels correspond to 〈u0〉3〈φp〉 and 〈u0〉14/3〈ρg〉2,
respectively (i.e. the value calculated from inputting the averaged field values into the expression indicated on the x-axes).

much reduced particle volume fraction and gas density.
Even though the fragmentation depth is around 2 km,
the largest contributions are contained within the top
500 m of the conduit. The associated tremor PSDs us-
ing mPIT are shown in Figure 6 (solid lines). For the re-
maining inputs notmodelled in our conduit flowmodel,
we assume a constant depth profile with the same de-
fault values used in Gestrich et al. (2020): representa-
tive grain size Dr = 1.4 × 10−3 m and roughness size
Db = 0.5 m.

We investigate the role of depth variation of the in-
put fields by assuming a constant profile of the depth-
averaged field values (i.e., averaging over the region
above fragmentation), which are shown with dashed
lines in Figure 5. These results are represented by the
dashed lines in Figure 6. Comparing the two mPIT re-
sults, using the depth-averaged values underestimates

the spectral power by a few dB, with greater impact
at lower frequencies. The spectral shape seems to be
reasonably captured by the averaged inputs, indicating
that themodeling of wave propagation has the larger in-
fluence on the calculated PSD than accounting for the
depth variation of the input fields. This provides further
justification for neglecting depth variation above frag-
mentation, as was done in Gestrich et al. (2020). How-
ever, it is still important to take depth variation into ac-
count when choosing what value to use to represent the
input field. Consider the velocity profile, for instance
(Figure 5). Flow velocity varies significantly over the
whole region above fragmentation; the depth-averaged
flow velocity is significantly less than the peak velocity
reached at the vent. Even though high exit velocities
can be achieved, that does not mean that they are rep-
resentative of flow throughout the upper conduit. Thus,
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Figure 6 Comparison of mPIT PSDs for depth-resolved vs. depth-averaged steady-state solution. Depth-averaged steady-
state inputs are also used for comparison between PIT and mPIT models, which are marked by the dashed lines in Figure 5.
Differences between the PIT andmPIT models mainly come from the different Green’s functions.

conditions at the vent are likely not representative of
thewhole region above fragmentation. This places even
more stringent restrictions on the range of input values
that would be reasonable to consider, which will limit
the possible range of seismic PSD amplitudes.

4.2 Effect of particle grain-size depth profile

Gestrich et al. (2020) found that one of the input fields
that had the greatest impact on the tremorPSDs through
the particle impacts force spectra was the representa-
tive grain size for a given grain size distribution p(D).
The representative grain size, defined following equa-
tion (5) as Dr = (

∫
D

D3p(D)dD)1/3, is the equivalent
grain size that would produce an identical seismic PSD
if grain size were constant. It is dominated by the
largest grain sizes and can be several orders of magni-
tude greater than the average size. Furthermore, not
much is known about the spatial distribution of grain
size throughout the conduit, as well as how it varies
over the course of the eruption. Lithics have been ob-
served in eruptedmaterials—likely due to erosion of the
conduit walls during eruption—whichwould then intro-
duce differently sized particles into the flow (e.g., Fee
et al., 2017;Macedonio et al., 1994). Also, there has been
some evidence of processes like secondary fragmenta-
tion, whereby fragmented particles collide with each
other and the conduitwalls, leading to further grain size
reduction (Dufek et al., 2012; Bindeman, 2005). There-
fore, we consider a few different grain size depth pro-
files in order to investigate the influence on the particle
impacts PSD using the mPITmodel.
The chosen grain-size profiles are shown in Figure

7. We use the same steady-state solution presented in
the previous section. Therefore, the default-constant
profile is the same and serves as our reference case.
Gestrich et al. (2020) found that large grain sizes were

needed tomatch observations, so themax-constant pro-
file serves as the uppermost bound on reasonable grain
size—andhence, themaximumpossible PSDamplitude.
The remaining two example profiles vary from themax-
imum grain size at fragmentation to the default grain
size at the vent, capturing possible descriptions of sec-
ondary fragmentation. Since it is not well understood
how grain size varies, we investigate how the functional
form of this grain-size variation influences the resulting
seismic PSD.We explore a linear decrease with decreas-
ing depth (i.e., approaching the vent):

Dr(z)|linear = 1.4 × 10−3 −
(

0.5 − 1.4 × 10−3

df

)
z, (15)

and a exponential decrease:

Dr(z)|exponential = 0.5df /z

(1.4 × 10−3)(1−df /z) . (16)

Consistent with Gestrich et al. (2020), we find that the
representative grain-size profile has significant impact
on the particle impacts seismic PSD (Figure 7). Com-
paring the two constant profiles, ∼3 orders of magni-
tude difference in grain-size leads to 9 orders of mag-
nitude difference in PSD amplitude. While the impact
rate decreases for increasing grain size, more momen-
tum will be imparted to the surrounding earth by the
larger particles, all other flow properties being equal.
The particle impacts’ integrand depth profiles for the
two constant profiles follow the same trend, with the
largest contributions to the signal arising from the up-
per conduit where the flow velocity is greatest. How-
ever, how grain size varies with depth can potentially
change where the largest contributions arise within the
conduit. For the linear and exponential examples, the
largest contributions come from just above fragmenta-
tion (Figure 7), indicating that the grain size depth pro-
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Figure 7 Effect of grain size variation with depth on impacts PSD using the steady-state solution shown in Figure 5. Note
that the x-axis of the second panel in (a) is a log-scale. A. Grain size depth profiles. B. Impacts PSD for different profiles.
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file has the most influence on the resulting integrand
depth profile for these particular examples. The linear
profile yields a higher PSD amplitude than the exponen-
tial one, as the grain size is larger at a given depth. Un-
derstanding the grain-size distribution proves to be crit-
ical in determining the predicted seismic PSD from this
tremor source model.
During the high amplitude tremor phase of the

2016 Pavlof eruption (T1), the observed PSD amplitude
ranges between approximately -110 dB and -140 dB. The
max-constant profile comes closest to achieving these
levels. While it exceeds the observed power in the
higher frequencies (>2.5 Hz), it is not able to reach the
peak power observed at lower frequencies. A uniform
distribution of particles with radii on the order of 0.5
m throughout the upper conduit seems very unlikely to
be present in real eruptions. Dufek et al. (2012) com-
bine experimental results with numerical simulations
to model volcanic particle break-up during an explo-
sive eruption as a function of height above fragmenta-
tion depth. They found that the number of disruptive
collisions (i.e., ones that would cause particle break-
up) increased with increased initial particle diameter
and increased fragmentation depth. For a particle with
diameter of 0.1 m and fragmentation depth of 1 km,
the expected number of collisions is on the order of
102 (Dufek et al., 2012). Given the maximum size of
particles considered here (∼1 m), one would expect
an even higher number of disruptive collisions. This
post-fragmentation break-upwould lead to a decreasing
grain-size profile as flow progresses up the conduit. As
demonstrated here, decreasing grain-size profiles are
likely to produce even smaller seismic PSD amplitudes.

4.3 Evolution of tremor during a waning
eruption

While eruption tremor persists throughout an explosive
eruption, its characteristics (e.g., amplitude) evolve as
eruption dynamics change. Understanding this link is
critical for developing more reliable methods for us-
ing eruption tremor monitoring to make real-time as-
sessments of eruption explosivity. In this section, we
explore how the evolving dynamics of a waning erup-
tion are expressed in predicted tremor from the mPIT
model. To approximately represent a waning eruption,
we use solutions from our steady-state model with de-
creasing mass eruption rates to represent time snap-
shots of the input fields. This assumes that eruption
waning is a quasi-steady process and does not capture
dynamics associated with sudden eruption cessation
from catastrophic collapse, for instance. Decreases in
discharge rate are obtained by reducing chamber pres-
sure. Since we are focused on the waning period, we
choose all solutions to have subsonic flow out of the
vent, with the highest mass eruption rate chosen to be
somewhat close to the reference solution with choked
flow that was introduced in section 4.1. Vent pressure
for all solutions is set to atmospheric pressure (105 Pa).
Figure 8 shows three “snapshots” of the waning erup-

tion, where lower mass eruption rate indicates later
time in the eruption. Asmagma is erupted, the chamber

depressurizes and leads to the reduction of the driving
pressure gradient. Flow slows as the driving pressure
gradient decreases. For the particular fragmentation
mechanism modeled here, depressurization through-
out the conduit leads to descent of the fragmentation
front through the conduit, and relief of the overlying
weight leads to exsolution at greater depths (Figure 8).
The final two panels in Figure 8 highlight that differ-
ences in particle impacts and turbulence force contri-
butions come from the upper 1 km of the conduit, once
again demonstrating the strong influence of the velocity
profile. The change in fragmentation depth of several
hundred meters has little effect.
As the eruption wanes and the velocity decreases,

the amplitude of the seismic PSD decreases (Figure 9).
We assume that the choked flow solution presented in
Section 4.1 represents the most explosive period of the
eruption and serves as a reference case for consider-
ing the tremor evolution during the eruption’s waning.
Note that mass eruption rate for this reference case is
1.92×106 kg/s with a Mach number of 1 at the vent. A
70%drop inmass eruption rate corresponds to a∼10 dB
decrease in seismic power. Gestrich et al. (2020) aimed
to develop an eruption tremormodel that would be con-
sistent with the hysteresis between tremor amplitude
and plume height that was observed during the 2016
Pavlof eruption. To demonstrate that the PITmodel was
consistent with the observation of reducing tremor am-
plitude while plume height remained high—which the
authors propose likely means that mass eruption rate
remains high—they also considered the connection be-
tween eruption tremor and mass eruption rate. Their
approach was to assume some constant mass eruption
rate, select different combinations of values for input
fields that would produce this mass eruption rate, and
then look at the range of associated PSD amplitudes.
They found a large range of amplitudes of tremor PSD
that were consistent with a constantmass eruption rate.
A downside of this approach is that input fields are
tuned independently of one another without consider-
ation for the common physical processes that cause co-
variation of the fields. However in this work, we take
those processes into account through the conduit flow
model and find that mass eruption rate is in fact corre-
lated with the predicted tremor amplitude. High mass
eruption rate requires high flow velocity in the upper
conduit, at least for the eruption scenarios modeled in
this work, which is hugely influential on the predicted
force spectra for this tremormodel. Therefore, in order
for tremor amplitude andmass eruption rate to become
uncoupled to produce the observed hysteresis, evolu-
tion of particle size is required for the same mass erup-
tion rate.

5 Conclusion
In this work, we expanded the particle impacts and
turbulence (PIT) source model of eruption tremor pre-
sented in Gestrich et al. (2020). We replaced surface-to-
surface Rayleigh wave Green’s functions with full nu-
merical Green’s functions for a generic volcanic veloc-
ity model. This had significant impact on the shape
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Figure 8 Input fields for steady-state solutions with different mass eruption rates Ṁ , representing the waning of an erup-
tion. Mach numbers at the vent are 0.54, 0.57, and 0.97 (with increasing mass eruption rate). Horizontal lines mark the frag-
mentation depth df .

Figure 9 mPIT PSDs for steady state solutions with different mass eruption rates Ṁ shown in Figure 8. Note the smaller
range of the y-axis compared with previous PSD plots.
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of the predicted seismic PSD, producing a flatter spec-
trum across the 1-5 Hz frequency band of interest and
more closely matching the shape of the observed seis-
mic PSDs at the 2016 Pavlof eruption. This is caused
by the increasing importance of body waves, relative
to surface waves, above 2–3 Hz. We also expanded
the model to account for depth variation of the input
fields—which we refer to as the mPIT model—and ap-
plied this modified model to solutions from a steady-
state conduit flow model. Utilizing steady-state con-
duit flow solutions as tremor model input ensures that
we are considering the physical processes that relate
the different input fields to one another and how those
change with different eruption conditions. We found
that conditions at the vent are often not representative
of input fields throughout the region above fragmenta-
tion. The velocity profile had the greatest influence on
the PSD amplitudes, meaning that the largest contribu-
tions to tremor arise from the very top of the conduit (at
least for the default parameters considered). Therefore,
the ranges of representative input values are likely even
more restricted than the ones considered in Gestrich
et al. (2020), limiting the possible range of predicted
tremor PSD amplitudes. We also investigated the effect
of the grain size distribution throughout the upper con-
duit by considering various grain-size depth profiles. As
was found in Gestrich et al. (2020), grain size had signif-
icant effect on the predicted PSD.We also found that the
grain-size depth profile could even affect where within
the conduit had the dominant influence on the force
spectra, potentially altering interpretation of the source
of the seismic PSD. We still found that extreme param-
eter values are required to match the observed ampli-
tude of eruption tremor during the 2016 Pavlof erup-
tion. When exploring how the predicted tremor evolved
over the course of a waning eruption, we found that the
overall tremor PSD amplitude decreased with decreas-
ing mass eruption rate. Given the strong influence of
the velocity profile, the decoupling of tremor amplitude
and mass eruption rate required to produce the hys-
teresis that was observed at Pavlof would have to arise
from changes in particle size, as Gestrich et al. (2020)
concluded. More study is required to place constraints
on particle size and particle size distribution over the
course of an eruption, in order to better evaluate the va-
lidity of this tremor source model.
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