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Sparse fault representation based on moment tensor

interpolation
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Abstract Accurate representation of large earthquake sources is required for understanding rupture dy-
namics and improving seismic hazard assessments. While capable of capturing complex spatio-temporal slip
scenarios, traditional finite-fault models often suffer from over-parameterization, require strong regulariza-
tion, and pose significant computational challenges, especially in rapid-response scenarios. Conversely, mul-
tiple point source (MPS) models reduce the rupture as a sequence of point sources but are inadequate to sim-
ulate short-period wavefield and static displacement. We introduce a hybrid source representation that lever-
ages moment tensor interpolation to bridge the gap between these models. By treating moment tensors as
“key” centroids of a tensor field, we construct geometrically coherent slip models that retain the spatial com-
plexity of finite-fault models while maintaining MPS’s computational efficiency and simplicity. Our method ex-
tends existing 2D tensor-field reconstruction techniques to moment tensors, allowing source-type-preserving
interpolation and enabling sparse model approximation and source upscaling for numerical simulations. We
demonstrate how our approach can benefit both the inverse and forward problems on the January 2024 Noto
earthquake, computing a sparse approximation of the USGS NEIC source model with fewer than ten key ten-
sors and computing full wavefield and static deformation from upscaled source distributions in a realistic 3D
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regional tomographic model using spectral-element method.

1 Introduction

Earthquake source characterization is a fundamental
aspect of seismological studies and has played a major
role in our understanding of rupture dynamics, Earth’s
structures, tectonics, and seismic hazards. For the vast
majority of earthquakes, we can rely on a point-source
approximation of the rupture process in the form of the
seismic moment tensor (Dziewonski and Woodhouse,
1983), which represents the elastic response to a shear-
dislocation on an infinitesimal fault plane. This point-
source approximation has been extended to account
for more complex source mechanisms, recognizing the
limitations of simpler models in capturing the spatio-
temporal complexity of large earthquake ruptures (typ-
ically My, 7 and above), which are required to build a
comprehensive understanding of large earthquakes and
their associated hazards. Rapid and accurate estima-
tion of the slip history for larger earthquakes has di-
rect implications in crisis response, as it can directly in-
form ground-motion models (such as the U.S. Geolog-
ical Survey’s ShakeMaps, Worden et al., 2020), which
in turn help inform emergency management and re-
source allocation immediately following a significant
earthquake. Tsunami warning systems could also ben-
efit from rapidly inferred slip models (Weinstein and
Lundgren, 2008; Dutykh et al., 2013; Melgar and Bock,
2015; Lotto et al., 2019), especially in coastal areas near
the event - even though most systems are currently re-
lying on scaling laws and homogeneous slip models,
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which yield satisfying prediction in the far field (An
etal., 2018).

The most prevalent representation of large ruptures
is the finite-fault model, where the rupture is assumed
to occur on a predefined fault plane or a collection of
planes, which are further subdivided into sub-faults.
The slip on each sub-fault is then characterized through
a slip inversion process commonly referred to as Finite-
Fault Inversion (FFI), using a large extent of wave-
form data, alongside geodetic and tsunami observations
when available (Delouis et al., 2002). For an overview
of the Slip Inversion problem, readers may refer to
Ide (2007). FFI is a notoriously ill-posed inverse prob-
lem that requires spatial and temporal regularization to
achieve stability (Koch et al., 2019; Goldberg et al., 2022).
This process also relies on hard-prior constraints, such
as the fault plane location and dimensions, maximum
slip on each sub-fault, and restrictions to the rake an-
gle direction (Ji et al., 2002). Recent research efforts
have pushed for more flexibility in fault parameteriza-
tion, including varying dip angles (Ragon et al., 2018),
deformed surfaces (Dutta et al., 2021; Wei et al., 2023),
iterative fault trace refinement (Shimizu et al., 2019)
or machine learning based approximation (Kheirdast
etal., 2021). However, operational methods are still lim-
ited to simpler geometries due to computational con-
straints despite evidence suggesting that fault struc-
tures can significantly impact rupture dynamics. Fur-
thermore, FFI is inherently a non-unique inverse prob-
lem (Razafindrakoto et al., 2015), making it an ideal
candidate for uncertainty estimation (Beresnev, 2003),
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such as Bayesian FFI (Minson et al., 2013) and trans-
dimensional FFI (Dettmer et al., 2014). In practice,
these approaches are often hindered by computational
limitations and are not implemented in rapid-response
products.

An alternative to the finite-fault representation is the
decomposition of complex ruptures into a sequence of
point sources (Kikuchi and Kanamori, 1982; Tsai et al.,
2005; Yue and Lay, 2020; Jia et al., 2020a,b) known as
the Multiple Point Sources (MPS) or Multiple Centroid
Sources method. By leveraging the simplicity of indi-
vidual centroid moment tensor inversion, this approach
allows for rapid characterization of slip history using
long-period W-phase seismic data. The number of cen-
troids can be determined empirically by increasing the
number of subevents until a specific statistical crite-
rion, such as variance reduction, is achieved (Tsai et al.,
2005). The simplicity of point sources inversion often
enables the use of Bayesian methods for uncertainty es-
timate of the solution (Duputel et al., 2012; Duputel and
Rivera, 2017; Shi et al., 2018; Kutschera et al., 2024).

The spatial distribution of these MPS is generally able
to capture the underlying fault geometry, although prior
constraints might be necessary to stabilize the inver-
sion. Such constraints can be estimated using wave-
form back-propagation (Ren et al., 2022) or directly
using the spatial extent of the aftershock distribution
(Zhou et al., 2022; Kutschera et al., 2024). While finite
fault models are often over-parameterized (with a large
number of sub-faults not exhibiting any slip), MPS tend
to under-parameterize the problem, resulting in a sys-
tematic underestimation of total moment (Yue and Lay,
2020). Another issue that stems from the compact na-
ture of this representation is that it cannot be used di-
rectly to compute static displacement over large spatial
extents, which limits the use of geodetic data in the in-
version process.

In this study, we explore how the geometric prop-
erties of the moment tensor can be used to propose a
hybrid parameterization that bridges the gap between
finite-fault and multiple-point source (MPS) models. We
aim to construct geometrically coherent models that
capture the spatial complexity of large earthquake rup-
tures, similar to finite-fault models, while maintaining
MPS models’ computational efficiency and simplicity.

To do so, we turn to the field of tensor-field recon-
struction and show that moment tensor interpolation
allows for the seamless transition between any two dis-
tinct point sources. This provides a new basis for con-
structing fault parameterization based on interpolation,
where the MPS become “key” tensors from which we
can reconstruct a quasi-continuous tensor field. In the
following, we give a brief recall on the moment tensor
geometrical properties before detailing how 2 x 2 ten-
sor interpolation introduced in (Hotz et al., 2010) can
be extended to the 3 x 3 moment tensor using eigende-
composition. This methodology has strong ties with Ka-
gan angular rotations (Kagan, 1991), and allows exploit-
ing moment tensor geometrical properties to construct
shortest-path rotations in the tensor space.

To demonstrate the practical uses of moment tensor
interpolation, we propose two proof-of-concept appli-
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cations:

1. sparse approximation of a pre-existing finite fault
model: we show the potential for dimensionality
reduction of this new source representation by ap-
proximating a finite-fault model for the January 1st,
2024 Noto earthquake, using only a few key tensors.

2. source upscaling: we show how moment tensor
interpolation can be used to upscale an existing
source model so that it can be used to compute
accurate wavefield and static displacement using
a spectral-element numerical solver in a 3D Earth
model

Through these applications, we ought to demonstrate
the interest of moment tensor interpolation in building
hybrid source representation that benefits the inverse
problem by promoting sparsity and the forward prob-
lem by allowing a quasi-continuous representation of a
heterogeneous slip model based on a purely geometri-
cal approach.

2 The seismic moment tensor

The seismic moment tensor M is a mathematical rep-
resentation of small-to-moderate earthquake source
processes (Dziewonski and Woodhouse, 1983; Aki and
Richards, 2002). Under the point-source approxima-
tion, it encodes information relative to the source’s ge-
ometry, type (regular faulting, crack opening, collapse,
explosion), as well as its scalar moment. Formally, M is
a second-order symmetric tensor, represented asa 3 x 3
matrix:

My My Mo
M= | My My DMys], (1)
M3z Msy Mso

where components M;; (with ¢,j = 1,2, 3) correspond
to the nine force couples applied over a volume around
the source location. Given the symmetric nature of the
tensor, it is solely defined by six independent force cou-
ples M = [Mlla M22, Mgg, ]\4127 Mlg, Mgg], thattogether,
are adequate to represent a wide variety of source be-
haviors.

One particularly useful decomposition of the mo-
ment tensor is given by its eigendecomposition:

M = UAUT, (2)

where U is a matrix containing the orthogonal eigen-
vectors [uy, uz, ug), defining the tensor eigenframe, and
A is a diagonal matrix containing the tensor eigenvalue
triple (A1, A2, A\3). This decomposition lets us express
any moment tensor as a combination of its singular ori-
entation and source type. In addition, the moment tensor
is defined by its Frobenius norm

M=, /Z AL (3)

which defines the overall magnitude of the tensor,
which, together with orientation and source type, de-
fine a moment tensor space (Tape and Tape, 2012).
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Analogous to tensor shape in other fields (Schultz and
Kindlmann, 2010; Hotz etal., 2010), the source type is in-
variant under rotation (a pure double-couple can repre-
sent a normal, reverse and strike-slip fault and remains
a double couple). Recognizing that permutation of the
eigenvalues is equivalent to rotation, the set of normal-
ized, ordered eigenvalues (A\; > A2 > \3) define the
non-redundant space describing all moment tensors.

From these geometric considerations stems a conve-
nient representation of moment tensor source type on
the eigenvalue lune (Tape and Tape, 2012), where the lo-
cation on the lune (lune latitude and lune longitude) is
controlled by the values of the eigenvalue triple. The
distance between source-types is defined as the arc dis-
tance over the lune surface, which is a geodesic in mo-
ment tensor space.

Thus, we can see that traveling along the shortest path
in the moment tensor space is a matter of rotations: Ro-
tation of the eigenframe and rotation about the center
of the unit sphere along the lune surface. From this, it
appears natural to define moment tensor interpolation
as computing the tensor values along the geodesic be-
tween tensors in the moment tensor space.

3 Moment tensor interpolation

The simplest approach to interpolate between any two
tensors would be a direct linear interpolation of the ten-
sor components such that for tensor M, and M,, the
interpolation point at ¢ € [0, 1] is given by the following
linear combination:

M(t) = (1 —t) « M, +t « M. (4)

While this is a convenient and straightforward ap-
proach, Hotz et al. (2010) have shown that it is not shape-
preserving and can lead to abrupt changes in the orien-
tation of the interpolated 2D symmetric second-order
tensors. For seismic moment tensors, this translates
to a non-source-type-preserving interpolation. To illus-
trate, consider the interpolation between two double-
couple tensors (satisfying Ay = —A3 and A\ = 0). Using
direct linear interpolation, the intermediate tensors are
not guaranteed to maintain their source type, as shown
in Figure 1.

QOdIPIIIIAA
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Figure 1 Interpolation between blue (t=0) and yellow
(t=1) double-couple moment tensors picked at random, us-
ing the direct linear combination in equation 4. We see that
this interpolation method is not source preserving and thus
not along the geodesic path.

This problem arises because direct interpolation does
not account for the geometric properties of the ten-
sors, which causes the interpolation path to deviate
from the geodesic path in moment tensor space. For

3

pure double-couple sources, strike, dip, and rake an-
gles offer a natural parameterization for describing fo-
cal mechanisms and can also serve as a basis for in-
terpolation. When the fault plane is fixed, interpolat-
ing over rake angles alone provides a straightforward,
source-preserving method. However, It has notable
limitations, particularly when considering full moment
tensor rotation: It may produce a sub-optimal interpola-
tion path when angular distances are large or if differen-
tial rotation between all three angles is not scaled prop-
erly, leading to inconsistent rotational velocities. Thus,
angular interpolation fails to generalize to cases where
the fault plane is unknown or if non-double-couple
components are present, requiring a more flexible ap-
proach capable of handling arbitrary source mecha-
nisms.

To address this issue, we adopt a more natural ap-
proach to tensor interpolation, also described in Hotz
et al. (2010), by treating eigenvalues and eigenvectors
separately. Doing so, eigenvalues interpolation will
solely be responsible for changes in source type (and
therefore be represented by linear trajectories on the
eigenvalue lune surface), while eigenvectors interpola-
tion will only account for tensor orientation regardless
of source type.

We thus define the interpolated moment tensor at
M(t) with ¢ € [0,1] as

M(t) = U(t) [(1 — t) Ay +tA,) U7, (5)

where [(1 — t)A, + tAp] expresses the linear interpola-
tion of the diagonal eigenvalues matrix containing the
sorted eigenvalues of tensors M, and My, and U(t) is
the interpolation of the eigenvector matrices. While the
linear interpolation of eigenvalues is uniquely defined
and simply operates on independent scalar values, it is
not the case for U(¢), which involves three-dimensional
rotations. The complexity arises from the fact that 3D
rotations are non uniquely defined (for each rotation
by an angle 6 around an Eulerian pole exists a counter-
rotation about the same pole for 27— 0 yielding the same
result). There is also an ambiguity between eigenvec-
tor basis, as for an eigenvalue );, both u; and —u,; are
valid eigenvectors, the choice of which might not guar-
antee the shortest rotation between two bases. Finally,
in the presence of degenerate (or defective) eigenval-
ues (Golub and Van Loan, 1996), i.e., where two or more
eigenvalues are equal, the eigenvectors associated with
these eigenvalues span a subspace, leading to an infin-
ity of valid orthonormal bases for that subspace. This
makes finding the shortest rotation challenging as there
are no unique shortest paths. To address some of these
issues, we can implement the following strategies:

1. Aligning the eigenvectors: Before interpolation,
we align the eigenvectors so that corresponding
eigenvectors from the two tensors have the short-
est angular distance. This can be done by gener-
ating all possible permutations of the interpolated
tensors with respect to a “reference tensor,” such
that we can select the right-handed eigenvector-
directions that minimize the rotational distance be-
tween equivalent eigenframes (amongst a set of 4
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opposite-sign right-handed eigenvector combina-
tion). Right-handedness is defined as a positive de-
terminant of the eigenvector matrix.

2. Use of quaternions and spherical-linear interpola-
tion (Slerp): For interpolating the eigenvector ma-
trices, we convert them into quaternions, which
provide a robust mathematical framework for rep-
resenting smooth rotations (Salamin, 1979). Us-
ing Slerp, we interpolate between the quaternions
to ensure smooth and consistent rotations. Slerp
addresses the non-linear nature of 3D rotations
by interpolating along the shortest path on the
4D spherical hyper-surface of unit quaternions,
thereby maintaining the orthogonality and conti-
nuity of the eigenvectors.

The issue of degenerate eigenvalues remains but should
be marginal in practice, as degenerate tensors repre-
sent a negligible subset of the total moment tensor
space (most notably at the edges of the eigenvalue lune).

The use of quaternions has been democratized in
computer-generated graphics (Shoemake, 1985), to-
gether with spherical linear interpolation, where they
are used to handle rigid body rotations in 3D space at
a constant speed. They also eliminate potential risks
associated with gimbal-locking which can otherwise
cause a loss of rotational degrees of freedom when us-
ing Euler angles for rotations (Dam et al., 1998). A
quaternion ¢ is usually defined as the sum of a scalar
qo and a vector q = (q1, ¢2,g3) as

= qo + q1i + q2j + g3k,

where i, j,k are the vectors defining a standard or-
thonormal basis. The quaternions used for rotations are
typically unit quaternions, satisfying ¢ - ¢ = 1 The rela-
tionship between the unit quaternion and a 3 x 3 orthog-
onal rotation matrix U is given by:

1-2(¢3 +¢3)
U = (2(q192 + 9390)
2(Q1Q3 - QQQO)

2(q193 + q2q0)

2(q2q3 — q190) | »

1—2(qf + 43)
(7)

2(q142 — q390)
1-2(¢f +¢3)
2(q2q3 + q190)

and conversely, the unit quaternion q is given by
q ==*q/llqll, (8)
with
1+ Ui — Uz — Uss
Ur2 + U

Uis + Usy
Uz — Uss.

Q)
I
©

Note that there are three alternative expressions for ¢
depending on the magnitude of elements in U (Markley,
2008).

From this, we can simply express the natural interpo-
lation path between orientations by the Slerp between
¢1 and g5 (Shoemake, 1985)

q(t) = Slerp(qa; gp, 1)
_sin((1 —1)0)
~ sin()

sin(t6) (10)
sin(9)

where 0 is the angle between the quaternions ¢, and ¢,
defined by cos(0) = q, - ¢, and where ¢, and ¢, are com-
puted from U, and U, respectively and || expresses the
dot product. U(¢) is then given by applying equation 7
on q(t).

Figure 2 shows the result of our interpolation scheme
applied to the same pairs of tensors as in Figure 1. As
the sorted eigenvalues are identical, the interpolation
is achieved through the rotation of the eigenframe ex-
clusively, and the source type is preserved through the
whole transition from¢ =0to ¢ = 1.

00 dIII3333
(NS SIS IS SIS

Figure 2 Interpolation between blue (t=0) and yellow
(t=1) double-couple moment tensors used in Figure 1. By
using the eigenvalue-eigenvector-based interpolation de-
fined in equation 5, all intermediate tensors are double-
couples. Interpolation occurs along the shortest rotation
corresponding to the geodesic in tensor space.

In order to apply this scheme to three or more ten-
sors, the eigenframe rotations are applied based on the
sorted weights of each tensor, starting with the high-
est weight and proceeding in descending order. This
prioritization ensures that the most influential key ten-
sor (the one with the strongest weight) dictates the ini-
tial rotation, as 3D rotations are non-commutative and
the order of application affects the outcome (except if
the rotation axis is the same for all rotations). Trilinear
interpolation based on direct linear combination and
the corresponding tensor field using the proposed in-
terpolation scheme are both shown in Figure 3. Using
the direct linear interpolation method, we see that it
fails at preserving the source type of all the interpolated
tensors, whereas treating eigenvalues and eigenvectors
separately allows for smooth rotation through the whole
triangle.

Introducing a compensated linear vector dipole
(CLVD) source as one of the three input tensors intro-
duces degeneracy within the interpolated tensor field.
This is apparent when using a simple linear combi-
nation, as illustrated in Figure 4. In contrast, when
eigenvalues and eigenvectors are treated separately, the
transition between source type and eigenframe occurs
smoothly, without discontinuities (Figure 4). While
double-couple tensors are typically used to charac-
terize tectonic earthquake sources, constructing ten-
sor fields that include non-double-couple sources may
be valuable in other scenarios. For instance, in vol-
canic contexts, CLVD sources are commonly used to de-
scribe processes such as dyke intrusion or ring-faulting
(Rodriguez-Cardozo et al., 2021).
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Direct linear interpolation

Interpolation based on eigendecomposition

Figure 3 Trilinear tensor interpolation between three distinct double-couple tensors depicted in Red, Green, and Blue, lo-
cated along the triangle vertices. (left) The interpolation follows equation 4. (right) This time, the interpolation follows equa-
tion 5,and source types are preserved within the interpolated tensor field. Color depicts weight along the RGB triangle values.

Direct linear interpolation

Interpolation based on eigendecomposition

Figure4 Trilinear tensor interpolation between two double-couples of opposite sign (Red and Green) and a compensated-
linear-vector-dipole (Blue). (left) The interpolation follows equation 4 and cannot appropriately handle source-type interpo-
lation smoothly. The eigenframes of the three tensors have been chosen so they share the same axes and create ambiguity.
Consequently, the linear interpolation does not apply rotation due to the eigenframe ambiguity (all three sources share the
same Cartesian basis). (right) The interpolation follows equation 5. The proposed interpolation scheme is able to maintain
smooth rotations and source-type transitions (despite the Blue CLVD being a degenerate tensor). Color depicts weight along

the RGB triangle values.

4 Application: sparse fault model and
model upscaling

To illustrate the benefits of moment tensor interpola-
tion in creating sparse representations of finite-fault
models, we review the U.S. Geological Survey’s (USGS)
product for the January 1st, 2024, M,, 7.5 earthquake
that struck the Noto peninsula, Japan. This earthquake
occurred on an underwater fault system near Japan’s

5

western coast, resulting in significant damage, loss of
life, and a significant tsunami in the Sea of Japan. In
such scenarios, rapid slip estimation at depth could be
valuable for effective tsunami early warning systems
and post-event crisis response. It is thus desirable to
obtain reliable, realistic slip models as fast as possi-
ble. One potential approach to achieve this is by reduc-
ing the number of free parameters considered in finite-
fault inversions.
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The USGS finite-fault products are part of the National
Earthquake Information Center’s (NEIC) routine opera-
tions and are estimated for significant earthquakes (typ-
ically My, > 7, Hayes, 2017). From an initial Centroid
Moment Tensor (CMT) estimate, a fault plane is chosen
and divided into sub-fault patches on which the slip dis-
tribution is inverted using teleseismic P-wave data ini-
tially, and then integrating regional geodetic data when
they become available (Goldberg et al., 2022). The USGS
fault model for this event is composed of 315 sub-fault
patches, spanning about 170 km along strike and 22 km
along dip, based on a centroid moment tensor located
at 37.5°N, 137.2°E and at a 10 km depth.

4.1 Sparse model approximation

We use the previously developed moment tensor in-
terpolation method to approximate the existing tensor
field from the NEIC, using 2D Gaussian mixtures such
that the field is described as the sum of n 2D Gaussian
functions, each acting as a support for a double-couple
moment tensor, as illustrated with n = 3 in Figure 5.
This approach allows us to represent the slip with a low
number of "key” centroids, encoding the overall motion
in this source model. Note that we are notinverting for a
new slip distribution but demonstrating that a parsimo-
nious parameterization of an existing model is feasible,
and a dedicated inversion scheme compatible with this
formalism will likely need to be evaluated before tack-
ling direct slip inversion and is beyond the scope of this
study.

Tensor Field with gaussian support
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Coordinate along strike

Figure 5 Tensor field computed from n = 3 key tensors,
using unit covariance on adummy fault plane. The blue, or-
ange, and green crosses denote the location of the key ten-
sors. The total probability density function is plotted as col-
ored contours. Interpolated moment tensors at each grid
point are shown in white and gray, with their sizes corre-
sponding to relative magnitude. The Gaussian support con-
trols both the moment density and the individual weight of
each source during the interpolation.

Each Gaussian support is used as a weight for tensor
combination, similar to inverse distance weighting in
geospatial interpolation (Lu and Wong, 2008).

Given n key tensors located at positions r; in the 2D
fault plane with covariance matrix X;, the weight w; for
each position r in the original tensor field is given by the
normalized Gaussian contribution:

e(_%(l‘—ri)Tzi(r—ri))
wl(r) =
Z?:l €<

(11)

—%(r—rj)TEj (r—rj)) ’

Interpolating M(r) according to equation 5 allows us
to express the weighted eigenvalue interpolation as

r) = wi(r)A;, (12)
=1

where A, are the eigenvalues of the i-th key moment
tensor sorted by weights in descending order. The
eigenframes U; are converted to unit quaternions g;.
The quaternion interpolation is initialized by setting the
unit quaternion associated with the highest weight ¢;
such that

Qinterp = q1- (13)

The successive weighted rotations are then applied ac-
cording to

Qinterp = Slerp(qmterp) qi, wi); (14)

with ¢ = 2,...,n before being converted back to the
eigenvector matrix U(r) following equation 7. After
computing both interpolated eigenvalues and eigenvec-
tors, the interpolated moment tensor at r is expressed
as

Minterp(r) = w(r)U(r)A(r)U(r), (15)

j=1 (3= 4o e g
tal Gaussian density at r that controls the magnitude of
each interpolated tensor.

Finding the set of key tensors that best represent the
original tensor field amounts to solving the following
minimization problem:

ZrE’R ||Minterp(r) — Mps(r) H2
> rer|Mobs(r) 12 ’

where r;, 3; and M; are the positions, covariance ma-
trices, and key moment tensors respectively for i =
1,...,n, and R is the set of all positions in the fault plane
where the USGS NEIC solution’s tensors are located.
The number of free parameters is thus 9 x n: 2 parame-
ters for r;, 3for ¥;, and 4 for M, (magnitude, strike, dip,
and rake). While the number of parameters could be
slightly reduced by assuming the strike and dip angles
known, we chose to keep these extra free parameters to
demonstrate potential compatibility with the potency-
density inversion method of Yamashita et al. (2022).

Working from the CMTSOLUTION file format avail-
able from the USGS NEIC model page, we approximate
the 315 discrete point sources (converted from the orig-
inal sub-fault used for the inversion) with n = [1, ..., 9]
centroids with their respective Gaussian support. In
this example, the rupture velocity is kept fixed, though it
could be estimated alongside the key tensors’ locations
in space. Finally, the fault plane is divided into n zones
of equal area, to which each key tensor’s location is as-
signed, preventing key tensors from overlapping.

The approximation is computed by black-box opti-
mization of the n key tensors using the Covariance
Matrix Adaptation Evolution Strategy (CMA-ES, Hansen
and Ostermeier, 1996, 2001) python package pycma
(Hansen et al., 2019) to minimize equation 16. Fig-
ure 6 shows the evolution of model fit with respect to

where w(r) = Y

min C = (16)

r;,>;,M;
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Number of key tensors

Figure 6 Normalized least-squares misfit for the set of
n = [1,...,9] key tensors. The blue curve represents the di-
rect model fit in percentage. The red curve represents the
normalized misfit between the static displacement com-
puted in the original USGS NEIC model and the nine static
displacement fields computed in SPECFEM3D Cartesian.
The black-dashed line represents 10% of normalized mis-
fit. Both misfit curves follow a similar trend, and the overall
data misfit is lower than the model misfit, meaning sensi-
ble approximation can be achieved with very sparse mod-
els. The misfit increase from four to five key tensors might
be explained by a sub-optimal spatial distribution of the key
tensor sources or the stochastic nature of the optimization
method.

the number of key tensors. We see that the approxi-
mation improves with the number of centroids and that
more than 90% of the model can be explained with as
few as eight key sources. Considering the USGS NEIC
model is discretized over 315 sub-faults, the number of
unknown parameters in the original model amounts to
1260 (for rake angle, rise time, rupture time, and mo-
ment”). By contrast, our approach reduces the num-
ber of free parameters to 81, using nine key tensors,
each defined by nine parameters. While the tempo-
ral aspect has been left out for the sake of simplicity,
adding the rupture time and rise time would raise the
approximation to 99 parameters, which is still a signif-
icant improvement over the original parameterization.
We also note that strike and dip angles could have been
left out of the application to further reduce the number
of unknowns. They have been kept as free parameters
to demonstrate the potential for more general applica-
tions, particularly for scenarios where fault geometry
is unknown or where tensors are projected onto non-
planar parametric surfaces.

The USGS NEIC moment tensor field, along with the
worst and best-interpolated tensor fields (n = 1 and
9 respectively), are shown in Figure 7. This demon-
strates that smooth interpolation supported by simple
basis functions can capture the main features of the
original tensor field. This sparse source representation
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takes advantage of the generally smooth nature of finite-
fault models, which stems from the strong regulariza-
tion they require for stability.

With these models at hand, we now turn to spectral el-
ement simulation to compute their associated displace-
ment field in order to compare their performance in the
data space.

4.2 Source upscaling for spectral element
simulation

In order to compare the performance of our sparse
source representations in the data space, it is neces-
sary to upscale the inverted source models to ensure
they are suitable for spectral element simulations. Up-
scaling helps evenly distribute the moment release over
space and time, thus preventing artifacts from using
large point sources in waveform simulations. Although
these artifacts typically do not affect the wavefield’s dy-
namic part, they can significantly impact the static dis-
placement, especially for shallow sources. Previous ap-
plication of source upscaling via interpolation has been
presented in Tinti et al. (2005), in order to satisfy finite-
difference stability criteria. In their approach, bicubic
interpolation was used to smooth the slip distribution
over an existing set of sub-faults, with the intent of pre-
serving the rake angle of each sub-fault.

To achieve this from our point source representation,
we adopt an iterative source upscaling approach based
on the subdivision of a triangular mesh of point sources,
as illustrated in Figure 8.

At each iteration, moment tensor interpolation is
used to compute the barycenter of each triangle’s edges
(new moment tensor and location), along with its ori-
gin time, which is linearly interpolated. The moment of
each seismic source is adjusted to accommodate the ad-
ditional sources to preserve the original moment in the
upscaled model. This source upscaling strategy effec-
tively spreads moment release smoothly over space and
time, helping to avoid artifacts associated with point
sources in waveform simulation. While Tinti et al.
(2005) interpolation scheme aimed at preserving the
original rake angle of each subfault, we do not impose
such a constraint in favor of a smooth transition both in
moment and orientation of the additional sources. Ap-
plying four subdivisions of the original triangular mesh
of n = 315 sources with an average source magnitude
of Mw = 5.52, we end up with n = 70311 sources with
an average source magnitude of Mw = 3.94, such that
the original moment remains the same. Note that if re-
quired, the formulation in equation 5 can be extended
to higher-order interpolation schemes for both moment
and rotation control (Shoemake, 1985).

We then use our upscaled source models to produce
full waveform simulations with the 3D spectral element
method code SPECFEM3D Cartesian 4.1.0 (Komatitsch
and Tromp, 2002a,b; Komatitsch et al., 2024). The sim-
ulation domain is based on the 3D regional Community
Velocity Model for the Japanese Islands (Simuté et al.,
2016; Fichtner et al., 2018), with topography resampled
from ETOPO1 (Amante and Eakins, 2009). While we are
primarily interested in the static vertical displacement
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Figure 7 Moment tensor solution for (from top to bottom) the USGS NEIC model, the interpolated model with n = 1 key
tensor, and the interpolated model with n = 9 tensors. Moment tensor sizes denote relative magnitude. Scattered colored
points represent the source-wise normalized misfit in percentage, clipped at 1%. The total misfit withn = 1isC ~ 48.7%. For
n =9, it goes down to C ~ 7.2% total model error. Contour lines and Moment tensor colors represent the normalized sum
of Gaussian densities, illustrative of the support of the interpolated field. Black crosses denotes position of the key tensors.
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in this application, note that this allows computing the
full wavefield with a period accuracy of about 2 sec-
onds. The final vertical displacement fields from the
original USGS model and its low-dimensional approxi-
mation with n = 9 key tensors are shown in Figure 9,
demonstrating that their spatial features are compara-
ble. We retrieve the three main displacement patches
extending toward the Southwest end of the fault and the
weak, diffuse uplift toward the Northeast end of the rup-
ture. The absolute maximum difference is about 40 cm
and the approximation is close (although not identical)
to the original model. The normalized misfit curve be-
tween the USGS NEIC displacement and our 9 tensor-
fields realizations is shown in Figure 6.

The fitin data space follows the same general trend as
the model fit, decreasing with the number of sources.
This result also re-emphasizes the non-uniqueness of
the finite-fault inversion (FFI) problem, with fits in data
space being significantly better than fits in the model
space, showing that variability in the source model does
not directly translate to variability in synthetic displace-
ments. It also illustrates that despite the apparent com-
plexity of the original model, a parsimonious parame-
terization could be used for the inversion without dra-
matic impact on the generated synthetic data.

5 Discussion

The applications presented in the previous section
demonstrate that using moment tensor interpolation to
represent ruptures provides significant advantages: It
allows for dimensionality reduction of the inverse prob-
lem without compromising forward modeling capabili-
ties.

In this context, it means we can simplify FFI by re-
ducing the number of free parameters, leading to a
better-posed inverse problem. With fewer parameters,
the inversion process also becomes more computation-
ally efficient, allowing for faster slip estimates and pos-
sibly incorporating uncertainty estimation methods in
scenario-based tsunami warning systems. A promis-
ing avenue for future development is the application
of atrans-dimensional Bayesian framework (Sambridge
et al., 2006) to jointly estimate key-tensor parameters
and determine the ideal number of key tensors, thus
minimizing the risk of over-parameterization, which
is a potential issue with the current NEIC solutions.
Note that such framework has already been applied to
FFI based on Voronoi tessellation of a pre-defined fault
plane and sub-faults (Dettmer et al., 2014).

Using the concept of key moment tensors also opens
up possibilities for jointly estimating both the geome-
try and the slip model. While we have made the choice
of simplicity to present this parameterization and re-
lied on a pre-existing 2D plane, this parameterization
provides a solid basis for an extension to non-planar
faults: each key centroid contains important informa-
tion about geometry, encoded in the eigenframe of
each tensor (and in turn, its fault planes). This can be
leveraged to parameterize deformed 3D surfaces using
splines (where the tensor eigenframes can be used as
control points), allowing for dynamic location and in-
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version for slip in a 3D space without relying on prede-
fined fixed fault planes. The relevance of this tensor-
based geometry estimation has been demonstrated by
Shimizu et al. (2020), where fault geometry is updated
a posteriori to the potency-density tensor-based inver-
sion of the slip. This inversion process could become
fully dynamic by alleviating computational constraints
and enabling joint estimation of geometry and slip.
Note that the current parameterization would readily al-
low consideration of multiple independent fixed fault
planes without algorithmic modifications by distribut-
ing key tensors on these prescribed fault planes.

Several practical and exploratory questions remain to
be answered to tackle slip inversion with this novel pa-
rameterization. One main question is how to handle
the time evolution of the rupture. The origin time of
each key tensor could be explicitly inverted, allowing
us to invert for its strike, dip, and rake angles, location
along the fault, and origin time. Alternatively, we could
impose a fixed time interval between each key tensor
and let their relative positions in space define the over-
all kinematics of the rupture. This approach would al-
low the apparent rupture velocity to be controlled by
the spatial positions of the tensors. While this might re-
quire more key tensors to reconstruct complex rupture
history, it eliminates potential tradeoffs between source
location and origin time by explicitly encoding both in
space-time coordinates.

Another key temporal aspect not assessed in our ex-
ample application is how to tune the half duration of
each source. As we work with increasingly numerous
butalso smaller sources via upscaling, the half-duration
of each source should converge toward shot impulse
functions (if the number of sources grows towards infin-
ity to emulate a continuous rupture, their half-duration
should diminish accordingly). However, due to nu-
merical simulation constraints, working with extremely
small half-durations may introduce unresolved high-
frequency signals in the simulations. Careful analyses
will need to be conducted to assess if source-upscaling
can simulate the full wavefield without introducing ar-
tifacts from source duration. In our application, the
source’s half-durations were kept constant and deter-
mined internally by SPECFEM3D Cartesian, according
to temporal resolution criteria.

Another major question is how to best alternate be-
tween the full 3D domain used in waveform simulation
and the inverse problem, which lies on a 2D manifold
(relative to coordinates on the fault). While projection
between 3D and 2D spaces is trivial for a perfectly pla-
nar fault, it may require specific considerations for de-
formed surfaces or multiple independent fault planes.
Techniques from the fields of dimensionality reduction
and manifold learning may help in that regard (Ma and
Fu, 2012; Ghojogh et al., 2023), but the optimal projec-
tion techniques and their efficient implementation in an
inversion framework will require further investigation,
particularly when multiple faults need to be considered.

Finally, in order to afford the use of 3D full-waveform
modeling in a crisis-response scenario, we will have to
take advantage of precomputed receiver-side Green’s
function in order to rapidly evaluate the Earth’s re-
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AN

Figure 8 Iterative source upscaling on a single triangle. A two-step upscaling is shown here. Red tensors and triangles
denote the original moment tensors. The results of the first and second iterations are shown in blue and green, respectively.
All new tensors correspond to the interpolation scheme of equation 5 with ¢t = 0.5. Iterations are shown sequentially from

left to right, from (left) to (middle) and (middle) to (right).
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the SPCEFEM3D Cartesian simulations using upscaled
source models in a 3D regional model and topography.
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mated model with n = 9 key tensors, and difference be-
tween the two maps.

10

sponse between any sources into a 3D volume and a
set of pre-defined receiver locations. While it would be
computationally challenging to do so systematically for
the whole Earth, it should be possible to precompute
databases of practical size for regions of interest, partic-
ularly for tsunamigenic areas along subduction zones or
known large strike-slip systems. Inversion would oth-
erwise have to be conducted from 1D Green’s function
databases (such as global Axisem databases provided
by the Syngine data product, Nissen-Meyer et al., 2014,
Krischer et al., 2017) at the cost of accuracy in locating
sources in space.

6 Conclusion

This manuscript demonstrates a compact, efficient,
and natural representation of quasi-continuous rup-
tures from moment tensor interpolant functions, which
ought to fill the gap between FFI and MPS models. The
interpolation method is sound regarding its geometri-
cal implications, preserving source type and maintain-
ing geodetic paths within the moment tensor space, en-
suring consistent representation of rupture surfaces.
It opens up new possibilities in terms of how we ap-
proach the FFI problem by lifting the dimensionality
complexity, promoting sparsity, and, therefore, lower-
ing the requirement for regularization. This approach
also facilitates full wavefield simulations using spectral-
elements numerical solvers. This was demonstrated by
down-sizing the USGS NEIC source model for Japan’s
January 1st, 2024, Noto earthquake, using an approxi-
mation based on a few key tensors and recovering com-
parable surface displacements with an upscaled source
model. The dimensionality reduction that this param-
eterization enables should open opportunities to tackle
ambitious FFI problems, such as uncertainty quantifi-
cation and joint geometry-slip characterization.
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