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Abstract The b-value, which controls the slope of the frequency–magnitude distribution of earthquakes,
is a critical parameter in seismic forecasting. However, accurately measuring the true b-value is challenging
due to the temporal and spatial variations in the completeness of instrumental seismic catalogs. In this study,
we systematically compare traditionalmethods for estimating the b-valuewithnewer approaches, specifically
focusing on the b-more-positive estimator based on positivemagnitude difference statistics. We conduct this
comparison using both synthetic ETAS catalogs, with artificially introduced incompleteness, and instrumen-
tal catalogs from five regions: Japan, Italy, Southern California, Northern California, and New Zealand. Our
analysis of synthetic ETAS catalogs demonstrates that traditional estimators systematically underestimate
the b-value under incompleteness scenarios, whereas the b-more-positive estimator yields highly accurate
results. Consistent patterns are found in instrumental catalogs, suggesting that conventional methods also
underestimate the b-value in real datasets, with important implications for seismic forecasting. Moreover, the
b-more-positive estimator provides robust evidence of significant differences in the b-value across the consid-
ered geographic regions.

Non-technical summary The b-value measures the ratio of small to large earthquakes and could
provide insights into the stress state of fault zones, making it a key tool in earthquake forecasting. However,
accurately estimating the b-value is challenging because small earthquakes are often hidden by larger ones
or missed due to detection limitations. In this study, we demonstrate that the novel b-more-positive estima-
tor, which expands upon the innovative approach introduced by the b-positive estimator, provides a more
reliable b-value calculation. Unlike traditional methods, which systematically underestimate the b-value, the
b-more-positive estimator overcomes the challenges of data incompleteness. This conclusion is supported by
extensive simulations using synthetic earthquake catalogs, where the impact of incomplete data was deliber-
ately modeled.

1 Introduction
The Gutenberg–Richter (GR) law is a fundamental as-
sumption in most current methods for analyzing earth-
quake data. It provides essential information, such
as the seismicity rate across all event magnitudes in a
region, quantified by the exponent of the frequency–
magnitude distribution, commonly referred to as the b-
value, which typically takes a value around 1 for shallow
tectonic events (Frohlich and Davis, 1993).
More specifically, the GR law (Gutenberg andRichter,

1944) states that the probability density p(m) of observ-
ing an earthquake with magnitude m is given by

(1)p(m) = βe−β(m−mL),

where β is the scaling parameter, and mL is a minimum
reference magnitude. In the following, we report nu-
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merical results in termsofβ for consistencywith the an-
alytical derivations. The corresponding base-10 b-value
is obtained as b = β/ln(10).
Variations in the b-value, both spatial and temporal,

have been proposed as indicators of several factors in-
fluencing seismic regions, including the stress regime,
tectonic characteristics, material heterogeneities, and
temperature (Tormann et al., 2015; Wiemer and Wyss,
2002; Schorlemmer et al., 2004; Petruccelli et al., 2018;
Spada et al., 2013). Laboratory experiments, in par-
ticular, have demonstrated an inverse relation be-
tween the b-value and differential stress (Scholz, 2015).
These findings suggest that the b-value may serve as
a stress proxy, potentially aiding in identifying high-
stress zones where significant future earthquakes are
more likely to occur (Gulia and Wiemer, 2020; Gulia
et al., 2020; Lippiello et al., 2025).
Estimating the b-value presents challenges due to

the breakdown of exponential decay at lower magni-
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tudes. This issue arises when cataloging instruments
cannot fully capture all earthquakes above background
noise, establishing adetection thresholdmagnitudeMc,
where only earthquakes above Mc are detected with
100% probability. However, Mc can fluctuate due to net-
work limitations, such as uneven spatial coverage or
sensor variability (Schorlemmer and Woessner, 2008;
Mignan et al., 2011; Mignan and Woessner, 2012). Ad-
ditionally, coda waves from previous, larger events can
obscure smaller earthquakes, further influencing Mc
and complicating detection (Kagan, 2004; Helmstetter
et al., 2006; Peng et al., 2007; Lippiello et al., 2016;
Hainzl, 2016a,b; de Arcangelis et al., 2018; Petrillo et al.,
2020; Hainzl, 2021). Failure to properly address these
factorsmay lead to a substantial underestimation of the
b-value.
To address the issue of incomplete data reporting, the

fundamental premise underlying nearly all b-value esti-
mation studies since the introduction of the Maximum
LikelihoodEstimator (Aki, 1965) is that a reliable b-value
can be recovered using the following estimator:

(2)β0 = 1
〈m〉 − Mth

,

where 〈m〉 represents the average magnitude of events
exceeding a chosen threshold Mth. In standard prac-
tice, researchers first identify the magnitude of com-
pleteness Mc and assume that for any Mth ≥ Mc,
the magnitude distribution strictly follows an exponen-
tial law. This assumption implies that the b-value es-
timate should remain stable, forming a ‘plateau’, as
Mth increases beyond Mc. The final b-value is then re-
lated to the exponential parameter by the relation b =
β0/ln(10).
An innovative approach to this issue was recently in-

troduced by van der Elst (2021) with the development
of the ‘b-positive’ estimator. This method estimates
the b-value by analyzing the distribution of magnitude
differences, δm = mi+1 − mi, between consecutive
earthquakes in the catalog. Specifically, for a complete
dataset that obeys the GR law (Eq. 1), it can be demon-
strated that the distribution of δm, denoted as p(δm),
follows an exponential form with a coefficient β+ =
β. The key insight from van der Elst (2021), validated
through extensive numerical simulations, is that when
restricting the analysis to positive values of δm, the dis-
tribution p(δm) is significantly less sensitive to detec-
tion issues compared to p(m). Lippiello and Petrillo
(2023); Godano et al. (2025) have subsequently demon-
strated that accurately identifying the correct b-value
from positive magnitude difference statistics necessi-
tates the consideration of additional conditions. Specif-
ically, one can examine the magnitude differences be-
tween pairs of earthquakes that are not necessarily con-
secutive in the catalog. However, it is essential that
their epicentral distances are sufficiently small to en-
sure similar behavior of Mc at their respective epicen-
ters. Under these conditions, which form the basis of
the ‘b-more-positive’ estimator, p(δm) is expected to ex-
hibit an exponential decay with a coefficient β++ ' β,
even in the presence of substantial detection issues.
In this study, we will present a detailed comparison

of the b-value estimates derived from traditional estima-
tors (Eq. 2) with those obtained using the b-positive es-
timators, β+ and β++. We will first conduct this com-
parison using synthetic ETAS catalogs, where incom-
pleteness is artificially introduced, as outlined inHainzl
(2016a); Petrillo and Lippiello (2020, 2023). The analysis
of these synthetic catalogs will provide insights into the
behavior of β0, β+, and β++ when applied to instrumen-
tal catalogs from various geographical regions.

2 Magnitude incompleteness
Incomplete earthquake catalogs result primarily from
two key factors: seismic network density incomplete-
ness (SNDI) and short-term aftershock incompleteness
(STAI). SNDI occurs when it is difficult to detect earth-
quakes due to a low signal-to-noise ratio. Several fac-
tors contribute to this issue, including noise filtering ca-
pabilities and, more importantly, the spatial distribu-
tion of seismic stations (Mignan and Woessner, 2012).
STAI arises from detection limitations in the aftermath
of large earthquakes. Smaller aftershocks are often
obscured by coda waves generated from prior, larger
earthquakes (Lippiello et al., 2019). Empirical observa-
tions suggest that STAI can be characterized by a com-
pleteness magnitude that decreases logarithmically as
a function of the time elapsed since the mainshock (Ka-
gan, 2004; Helmstetter et al., 2006).
Together, SNDI and STAI result in a completeness

magnitude Mc(ti, ~xi, Hi), which depends on the occur-
rence time ti, the epicenter coordinates ~xi, and the seis-
mic history Hi encompassing all previous earthquakes
up to time ti. All earthquakes with magnitudes above
Mc are reliably recorded in the catalog but even at the
same location ~xi and for a given seismic history Hi,
Mc(ti, ~xi, Hi) is not uniquely determined. Factors such
as diurnal and seasonal variations, staffing changes,
and other external influences introduce fluctuations of
the order σ around Mc. These fluctuations are typically
smaller than the overall spatial and temporal variabil-
ity of Mc(ti, ~xi, Hi). The presence of a finite σ affects
the detection function Φ (m − Mc(ti, ~xi, Hi)), which de-
notes the probability that an earthquake with magni-
tude m, occurring at time ti and location ~xi, is recorded
in the catalog. A common and analytically convenient
choice for the detection function is a smooth transition
modeled through an error function (Ogata and Katsura,
1993). In this case, the detection probability can bewrit-
ten as:

(3)Φ (m − Mc (ti, ~xi, Hi)) = 1
2 + 1

2Erf
(

m − Mc

σ

)
,

where Erf(y) represents the error function. Accord-
ing to this definition, on average, approximately 98%
of earthquakes with m ≥ Mc + 2σ are reported. We
stress that this functional form represents a reasonable
approximation of catalog incompleteness and may not
exactly reproduce the empirical detection characteris-
tics of all instrumental catalogs. However, as discussed
in the following sections, the efficiency of the proposed
method is independent of the specific functional form
of Φ.
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A number of technical papers provide tools to iden-
tify the optimal value of Mth such that Mth>Mc(Mignan
and Woessner, 2012). In this study, we focus on three
methods: the Maximum Curvature (MAXC) technique
(Wiemer and Wyss, 2000), the b-value stability (MBS)
method (Cao and Gao, 2002; Woessner and Wiemer,
2005), and the coefficient of variation (CV) method (Go-
dano et al., 2023, 2024). In theMAXCmethod, Mth is de-
fined as the magnitude bin with the highest frequency
of events in the non-cumulative frequency–magnitude
distribution. The MBS method operates under the as-
sumption that, once the completeness magnitude is
exceeded, the estimated b-value converges to a stable
plateau for Mth>Mc. In the CV method, Mth is identi-
fied as the smallest threshold for which the coefficient
of variation (the ratio of the standard deviation to the
mean value ofmagnitudesm) exceeds 0.93. These three
methods can yield different estimates for Mth, and thus
for β derived from Eq. (2). The resulting values of β
based on these thresholds will be denoted as βMAXC,
βMBS, and βCV, respectively.

3 Data andmethods

3.1 Data

We consider instrumental catalogs from five differ-
ent seismic regions: Japan, Italy, Southern California,
Northern California and New Zealand. For all the cat-
alogs we restrict the analysis to shallow earthquakes
(depth smaller than 50 km) and magnitudes m > 0.
For the Japan seismicity we consider the JMA catalog
after year 2000 restricting to the mainland. For the
Italian seismicity we consider the Horus catalog (Lolli
et al., 2020) after 2005, still restricting to the main-
land. For Southern California we consider the relocated
catalog (Hauksson et al., 2012) from January 1981 to
March 2022, for Northern California we consider the re-
located catalog (Waldhauser and Schaff, 2008) from Jan-
uary 1984 to December 2021. Finally for New Zealand
we take the catalog after 2000. The number of m > 0
earthquakes in the five catalogs is reported in Table 1.
For Southern andNorthern California andNew Zealand
we considered the local magnitude mL and the JMA
magnitude for Japan. For Italy the magnitude adopted
is a calibrated conversion relationship between various
types of traditionalmagnitudes andmomentmagnitude
(Lolli et al., 2020). In Fig. 1, we illustrate the spatial dis-
tribution of seismicity for the five regions considered in
this study.

3.2 The b-more-positive estimator

It is straightforward to show that in the case of two in-
dependent randomvariables,mi andmj , distributed ac-
cording to an exponential law, as in the GR law Eq. (1),
the difference δm = |mi −mj | between any pair ofmag-
nitudes mi and mj also follows an exponential distribu-
tion:

(4)p(δm) = 1
2βe−βδm,

where the factor 1
2 serves as a normalization term, ac-

counting for bothpossible cases,mi > mj andmj > mi.
In the following, we define the quantity

(5)β+ =

 1
N+

N+∑
i=1

mj>mi+δMth

(mj − mi − δMth)


−1

,

where j = i + 1 and the sum is restricted only to the
N+ earthquakes mi that are followed by an earthquake
with mi+1 > mi + δMth. Maximizing the likelihood,
under the assumption that Eq. (4) holds (van der Elst,
2021; Gasperini and Tinti, 2023), shows that β+ = β up
to statistical fluctuations δb of the order of 1/

√
N+.

In the presence of incompleteness, magnitudes no
longer obey the GR law, and Eq. (4) must be replaced by
the following expression (Lippiello and Petrillo, 2023):

p(δm) ∝βe−βδmΦ(mi + δm − Mc(tj , ~xj , Hj | mi))· (6)
Φ (mi − Mc(ti, ~xi, Hi)) ,

where Φ (mi − Mc(ti, ~xi, Hi)) is the detec-
tion probability as defined in Eq. (3), and
Φ (mi + δm − Mc(tj , ~xj , Hj | mi)) represents the detec-
tion probability at time tj and location ~xj , conditional
on the previous earthquake mi being identified and
recorded in the catalog. The key insight is that, when
the following condition holds:

(7)Φ (mj − Mc(tj , ~xj , Hj | mi)) = 1,

then p(δm) obeys a pure exponential law with
decay controlled by the coefficient β, even if
Φ (mi − Mc(ti, ~xi, Hi)) � 1. Let us first consider
what happens in the case when σ → 0 in Eq. (3),
i.e., when the detection function is a discontinuous
function changing from Φ = 0 for m < Mc to Φ = 1
for m > Mc. Since mi has been recorded at time ti, it
is necessary that mi ≥ Mc(ti, ~xi, Hi). Consequently,
by imposing the constraint mj > mi we also have that
mj ≥ Mc(tj , ~xj , Hj) and Eq. (7) is satisfied provided
that the following requirements hold:

Hypothesis (i):

(8)Mc(tj , ~xi, Hj) ≤ min{mi, Mc(ti, ~xi, Hi)},

for tj > ti.

Hypothesis (ii):

(9)Mc(tj , ~xi, Hj) = Mc(tj , ~xj , Hj).

We notice that Eq. (8) is a condition on Mcevaluated
at the same positions ~xi but at different times tj > ti. In
contrast, Eq. (9) is a condition at the same time tj but in
different positions ~xi and ~xj .
Hypothesis (i) is easily satisfied if no earthquake with

magnitude greater than mi occurs within the temporal
window (ti, tj) between the two earthquakes. Specifi-
cally, according to STAI, the obscuration effect caused
by earthquakes occurring at times t < ti diminishes in
relevance by the time tj > ti. Additionally, if all earth-
quakes in the interval (ti, tj) have magnitudes smaller
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Figure 1 Spatial distribution of seismicity in the five regions considered in this study: (a) Southern California, (b) Northern
California, (c) Japan, (d) Italy, and (e) New Zealand. Each point represents an earthquake with magnitude m > 0 and depth
smaller than 50 km. Colors indicate earthquakemagnitude according to the color scale shown below the panels.

than mi, none of these events can cause a complete-
nessmagnitude larger thanmi. More precisely, hypoth-
esis (i) is also met if any m > mi earthquakes occur
within (ti, tj) but are sufficiently distant in space so as
not to produce obscuration effects at ~xj .
For hypothesis (ii) to hold, it is necessary that the epi-

central distance dij between ~xi and ~xj is small enough
that the two earthquakes occur in a region with very
similar network coverage. Additionally, dij must be suf-
ficiently small for previous large earthquakes to have
comparable obscuration effects at both epicentral po-
sitions ~xi and ~xj . Consequently, for hypothesis (ii) to
be valid, an upper bound dR on dij must be imposed.
The optimal value of dR depends on the specific spatial
configuration of seismic stations and can be associated
with the typical distance over which the completeness
magnitude Mc can reasonably be considered constant.
Summarizing, in the b-more-positive estimator, we

can define a quantity similarly to Eq (5):

(10)β++ =

 1
N++

N++∑
i=1

mj>mi+δMth
& dij<dR

(mj − mi − δMth)


−1

where j is the index of the closest subsequent earth-
quake in time that has magnitude mj > mi + δMth
and an epicentral distance dij < dR. The sum extends
over allN++ earthquakes i forwhich all events recorded
in the interval (ti, tj) and within an epicentral distance
smaller than dR from ~xi have magnitudes m < mi. Ac-
cording to the previous arguments, when σ = 0, we
have that β++ ' β even in the presence of incomplete
datasets also for δMth = 0.
In the more realistic case of a finite σ, the detec-

tion function grows more smoothly from 0 to 1. Con-
sequently, the fact that mi has been detected does not
automatically imply that mi ≥ Mc(ti, ~xi, Hi). Further-
more, even when mj ≥ Mc(tj , ~xj , Hj), Eq. (7) does not
hold automatically, even if conditions (i) and (ii) are sat-
isfied. Nevertheless, since the Erf function is a very
steep function that approaches zero for mi < Mc − 2σ
and saturates to 1 when mi > Mc + σ, one could ex-
pect that by imposing mj > mi + δMth and choos-
ing δMth & σ, we can be reasonably confident that

mj & Mc(tj , ~xj , Hj) + 2σ. In this case, condition (7) is
fulfilled with good accuracy. We wish to remark, how-
ever, that the effect of a finite σ introduces a systematic
bias, causing β++ to be smaller than βtrue. Indeed, for
a finite detection function, it is more probable to miss
earthquake pairs with a smaller magnitude difference
mj − mi. The effect of a finite σ can be studied numer-
ically; in Appendix A, we show that the data are consis-
tent with the expression:

(11)β++ = βtrue

(
1 − ε

δMth

σ

)
with ε(x) ' 0.2β2σ2(x + 1)10−x. This result demon-
strates that β++ approaches βtrue as soon as δMth � σ.
In particular, we find that ε . 0.01 when δMth = 2σ,
which represents an approximation error smaller than
the typical uncertainty in theβ evaluation causedby sta-
tistical fluctuations.
The algorithm implementing the b-more-positive es-

timator β++ presents the following scheme:

For all earthquakes i in the catalog:

1. Search forward in time through subsequent earth-
quakes j until you find the first one that satisfies
both conditions mj > mi and dij < dR;

2. If mj ≥ mi + δMth, add (mj − mi − δMth) to the
sum in Eq. (10) and count i towardN++, thenmove
to the next i;

3. If mi < mj < mi +δMth, do not include (mj −mi +
δMth) in the summation of Eq. (10), and proceed
directly to the subsequent earthquake i + 1.

For each i, the search stops at the first j fulfilling step
(a).
The b-positive estimator represents a specific case of

the b-more-positive estimator in which the index j con-
siders only the subsequent earthquake, specifically j =
i + 1, with the condition dR = ∞.

4 Results
4.1 The evaluation of the b-value in synthetic

ETAS catalogs
The Epidemic–Type Aftershock Sequence (ETAS)
model effectively captures the main characteristics
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Figure 2 (Main Panels) The value of β (corresponding to b = β/ln(10)) measured using the three estimators, β0, β+, and
β++, is shown as a function of Nth in a synthetic ETASI catalog (main left panel) and in the JMA catalog for Japan (main
right panel). Black, red, and green symbols are used for β0, β+, and β++, respectively. The values for βMAXC, βCV, and
βMBS are marked by a filled orange diamond, a magenta right triangle, and a cyan downward triangle, respectively. Error
bars represent twice the standard deviation. For clarity, only in left panels, blue upward triangles denote results from the β0
estimator applied to the complete ETAS catalog. (Insets) β0 for the ETASI catalog (left panel) and for the JMA catalog (right
panel), along with the three estimates βMAXC, βCV, and βMBS, is plotted as a function of Mth. In the inset of the left panel,
we also plot results for β0 for the complete ETAS catalog.

of the spatio-temporal evolution of seismicity (Ogata,
1988, 1998) and is widely regarded as the benchmark
for earthquake forecasting (Lombardi and Marzocchi,
2010; Nandan et al., 2019). In this study, synthetic earth-
quake catalogs are generated using the ETAS model
(Ogata, 1989; Zhuang and Ogata, 2006). The simulation
starts with background events from a Poisson process
and recursively adds triggered events according to the
productivity law, Omori–Utsu temporal decay (Omori,
1894), the power law decay of the distribution of epi-
central distances (LIPPIELLO et al., 2009) and the GR
magnitude distribution (Gutenberg and Richter, 1944).
To be more precise, the simulation starts with a set of
background events (zero-th generation) from a Poisson
process in time and spatially distributed to reflect the
heterogeneous pattern of epicentral distribution in
instrumental data sets. Each event generates a number
of offspring according to a Poisson distribution with
mean productivity depending on the event magnitude
and occurrence time. The magnitudes of the offspring
follow the GR distribution and the occurrence times
and spatial distances are drawn from the empirical
probability densities. Only eventswithin the simulation
time window are retained, and the process is iterated
over successive generations until no new events occur
within the window. This approach ensures that the
synthetic catalogs reproduce both the temporal, spa-
tial, and magnitude statistics of real ETAS sequences.

Details can be found in de Arcangelis et al. (2016). The
key assumption of the ETAS model is that magnitudes
are independent variables drawn from the GR law
with a β value. Deviations from the GR law, caused by
catalog incompleteness, can be incorporated into the
model following the scheme outlined in de Arcangelis
et al. (2018); Petrillo and Lippiello (2020, 2023). More
precisely, STAI can be implemented by considering
a constant blind time τ (Hainzl, 2016a,b, 2021). For
any earthquake j in the original complete catalog, we
consider all events with magnitude mi that occurred in
the previous time interval ti ∈ (tj − τ, tj) and within an
epicentral distance dij < 50 km. Each event j is then re-
moved from the catalog with a probability Φ(mi − mj),
where Φ(x) is defined in Eq (3) with σ = 0.4. This
procedure corresponds to a history–dependent proba-
bilistic thinning of the complete ETAS catalog, where
each event is retained with a probability determined
by the magnitude of preceding earthquakes within a
prescribed space–time window (e.g., Ogata, 1981). It is
possible to show that the presence of a constant blind
time leads to a completeness magnitude decreasing
logarithmically in time consistently with instrumental
observations (Hainzl, 2016a,b).

To incorporate SNDI, we impose an additional spa-
tially variable baseline detection threshold, meant to
reproduce the heterogeneity in catalog completeness
caused by the non-uniformgeometry of the seismic net-
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work. Specifically, we adopt the spatial dependence
of the completeness magnitude estimated by Schor-
lemmer and Woessner (2008) for Southern California,
and denote by mr(~x) the corresponding local reference
threshold at position ~x. Then, after applying the STAI
thinning described above, an event of magnitude mi

in the catalog is further removed with probability 1 −
Φ(mi−mr(~xi)), where~xi is the epicentral positionof the
event, and Φ is the same detection function defined in
Eq. (3) with σ = 0.4. In this way, earthquakes occurring
in areas characterized by poorer station coverage, and
thus by larger values ofmr(x), have a higher probability
of beingmissed, whereas events in better-instrumented
areas are preferentially retained.
The ETAS model incorporating only STAI is com-

monly referred to in the literature as the Incom-
plete ETAS (ETASI) model (de Arcangelis et al., 2018).
van der Elst (2021) utilized this model to simulate single
mainshock–aftershock sequences, demonstrating the
efficacy of the b-positive method in recovering correct
b-values despite STAI effects. Subsequently, Lippiello
and Petrillo (2023) generated synthetic ETASI catalogs
containing multiple sequences, reaching similar con-
clusions for the b-more-positive estimator. Lippiello
and Petrillo (2023) also investigated synthetic catalogs
affected solely by SNDI, highlighting the limitations of
the b-positive method and the superior efficiency of the
b-more-positive estimator. In the present study, we in-
vestigate the simultaneous presence of both STAI and
SNDI within ETAS catalogs. Hereafter, we will con-
tinue to use the term “ETASI catalogs” to refer to syn-
thetic datasets featuring both STAI and SNDI. We gen-
erate synthetic ETASI catalogs containing earthquakes
with mi > 0, over a period of 25 years. The key quan-
tity in our analysis is βtrue, and we consider different
values of βtrue ∈ [2, 3]. For each value of βtrue, we
generate up to ten different synthetic catalogs, each ob-
tained by implementing a different random seed. The
values of the other parameters in the ETASI model are
not relevant to the present study, and we adopt those
parameters optimized for Southern California, as de-
tailed in Petrillo and Lippiello (2020). In the synthetic
ETAS catalogs, the βtrue value is the exact parameter
imposed in the simulation. This value is used as the
“prior” reference for evaluating the bias of the different
estimators. In our simulations we focus on results for
a b-value of b = 1.2, corresponding to βtrue = 2.763,
though similar observations hold for other choices of
βtrue. We always start from an original dataset contain-
ing NT ∈ [5 × 106, 1 × 107] earthquakes with mi > 0.
After applying STAI, about 70–80% of earthquakes are
removed. Another significant removal is obtained to
implement SNDI, obtaining final ETASI catalogs with
NT ∈ [3 × 105, 9 × 105] m > 0 events, which is compara-
ble with the number observed in instrumental catalogs.
In Fig. 2, we plot results for a specific synthetic ETAS

catalog, which initially contains 9 961 297 m>0 earth-
quakes, reduced to 2 142 912 after STAI and to 668 284
after SNDI; similar patterns are observed for other syn-
thetic catalogs. We show results for the quantity β0 eval-
uated in the original complete catalog, which provides
the reference curve for the true β value, βtrue. This

value is compared with the values of β (βmeas) mea-
sured in the final incomplete catalog, obtained using
the three estimators β0 (Eq. 2) for different values of
Mth, β+ (Eq. 5), and β++ (Eq. 10), both evaluated at
different values of δMth. By increasing Mth and δMth,
we reduce the number of earthquakes Nth used for the
three estimators. More precisely, Nth represents the
number of earthquakes with m > Mth in the evalua-
tion of β0 (Eq. 2), Nth = N+ in the evaluation of β+
(Eq. 5), andNth = N++ in the evaluation of β++ (Eq. 10).
We plot the data as a function of Nth to allow a direct
comparison among the different estimators. Further-
more, since the standard deviation δβ in all three esti-
mators is approximately βmeas/

√
Nth, this plot allows us

to identify the best estimator as the one that, for fixed
Nth, better approximates βtrue. More specifically, we
use δβ for the standard deviation in each estimator, ob-
tained by Tinti and Mulargia (1987) for the b-value and
by Gasperini and Tinti (2023) for the b-positive estima-
tor. In the figure, we display 2δβ as error bars to repre-
sent this uncertainty. We specify that the expression for
the standard deviation is derived under the assumption
that magnitudes are independent and identically dis-
tributed variables. This hypothesis is widely accepted
in the literature, even in the presence of strong tem-
poral and spatial clustering of seismic events. To as-
sociate each point of the curve with its corresponding
δMth value, we specify that δMth is monotonically in-
creased in the range [0, 2] with constant increments of
0.1. Consequently, the k-th point (ordered from left to
right) on theβ+ andβ++ curves corresponds to a thresh-
old value of δMth = 0.1k.
In the inset of Fig. 2 (leftpanel), weplotβ0 for both the

complete and incomplete catalogs as a function of Mth,
finding that β0 significantly underestimates βtrue in the
incomplete catalog. In fact, in the incomplete catalog,
β0 grows as a function of Mth but remains consistently
below βtrue. The downward bias observed in our syn-
thetic tests (Fig. 2) stems from the joint action of STAI
and SNDI: (i) STAI yields an elevated, time dependent
Mc(t) after large events, so that moderate thresholds
Mth still mix complete and incomplete portions of the
catalog; (ii) SNDI imposes a spatially varying baseline
Mc(~x) tied to station coverage. Consequently, heuris-
tic completeness picks may identify early plateaus in
β0(Mth) that are in fact pre-asymptotic with respect to
STAI, thus underestimating b. A reasonable estimate of
βtrue can only be achieved at very large values of Mth,
where, however, the uncertainty becomes substantial
(δβ ≈ 0.3) due to the reduced number Nth. The fact
that the β0 curve grows monotonically across the en-
tire exploredMth range,while remaining systematically
below βtrue, indicates that traditional estimators inher-
ently underestimate the true β value, regardless of the
specific estimator employed. Indeed, all three tradi-
tional estimates — βMAXC, βMBS, and βCV — yield val-
ues significantly smaller than βtrue. This behavior is ob-
served not only for the specific synthetic ETAS catalog
shown in Fig. 2, but also across the other nine synthetic
catalogs generated with the same βtrue, as well as for ad-
ditional catalogs characterized by different βtrue values.
Fig. 2 also shows that β+ underestimates βtrue across
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Catalog N βMAXC βCV βMBS βmax
++ β++ βmax

+

Instrumental Catalogs
Japan 2 313 836 1.658 ± 0.006 1.74 ± 0.01 1.96 ± 0.05 2.11 ± 0.01 2.08 ± 0.02 2.00 ± 0.05
Southern California 794 838 1.63 ± 0.01 2.18 ± 0.02 2.34 ± 0.04 2.44 ± 0.04 2.41 ± 0.06 2.27 ± 0.05
Northern California 856 142 1.48 ± 0.01 2.08 ± 0.03 2.22 ± 0.02 2.29 ± 0.02 2.28 ± 0.02 2.35 ± 0.06
Italy 363 936 1.89 ± 0.02 2.16 ± 0.03 2.33 ± 0.08 2.63 ± 0.02 2.59 ± 0.03 2.32 ± 0.04
New Zealand 165 714 1.84 ± 0.02 1.91 ± 0.02 2.01 ± 0.03 2.53 ± 0.02 2.45 ± 0.05 2.20 ± 0.03

Synthetic ETASI catalogs βtrue = 2.763
ETASI 1 668 284 1.986 ± 0.006 2.078 ± 0.006 2.53 ± 0.04 2.71 ± 0.02 2.63 ± 0.02
ETASI 2 641 320 1.942 ± 0.006 2.036 ± 0.006 2.57 ± 0.05 2.73 ± 0.02 2.66 ± 0.02
ETASI 3 722 492 2.103 ± 0.006 2.178 ± 0.008 2.55 ± 0.03 2.74 ± 0.02 2.64 ± 0.02
ETASI 4 305 887 2.26 ± 0.01 2.26 ± 0.01 2.68 ± 0.07 2.75 ± 0.03 2.70 ± 0.02
ETASI 5 730 056 2.049 ± 0.006 2.153 ± 0.006 2.53 ± 0.03 2.71 ± 0.03 2.62 ± 0.02
ETASI 6 432 091 2.131 ± 0.008 2.131 ± 0.008 2.57 ± 0.06 2.74 ± 0.03 2.67 ± 0.02
ETASI 7 840 102 1.968 ± 0.006 2.043 ± 0.006 2.60 ± 0.08 2.73 ± 0.02 2.67 ± 0.02
ETASI 8 346 611 1.964 ± 0.006 2.051 ± 0.006 2.55 ± 0.05 2.73 ± 0.03 2.64 ± 0.02
ETASI 9 335 283 2.215 ± 0.008 2.215 ± 0.008 2.75 ± 0.12 2.75 ± 0.03 2.71 ± 0.02
ETASI 10 646 730 2.049 ± 0.006 2.131 ± 0.007 2.52 ± 0.04 2.73 ± 0.02 2.61 ± 0.02

Table 1 Comparison of different estimators for the β value across five geographic regions and for ten different realizations
of the ETASI catalog, with βtrue = 2.763 and dR = 40 km implemented. We do not report β++ in ETASI catalogs since it
coincides with βmax

++ . All reported values correspond to β = b ln(10) (i.e., b = β/ln(10)). N is the total number of m > 0
earthquakes in each catalog.

all values of N+, except at very large δMth > 3.8, where
N+ ≈ 100 and fluctuations become large enough to en-
compass βtrue. Interestingly, Fig. 2 reveals that β++ pro-
vides a sufficiently accurate estimate of βtrue already
for N++ > 105 (when δMth = 0.8). This confirms
that, within the testedETASI incompletenessmodel, the
b-more-positive estimator effectively recovers the im-
posed b-value. More specifically, we observe that β++
initially underestimates the true β value when δMth =
0, then increases monotonically up to δMth = 0.8,
and subsequently remains approximately constant for
larger values of δMth.
Following the rationale behind the MBS methodol-

ogy, we can define the best estimate βmax
++ from β++ as

the value obtained from Eq (10) for the first value of
δMth such that ∆β = |βave − β++|≤ δβ++. Here, δβ++
represents the standard deviation of β++, and βave is the
average value of β++ over five successive cutoff magni-
tudes δMth, with δMth incremented by 0.1 in each step.
Results for βmax

++ are provided in Tab. 1 for the 10 syn-
thetic ETASI catalogs, showing substantial agreement
with βtrue despite a slight underestimation.

4.2 The evaluation of the b-value regional
catalogs

In instrumental catalogs, magnitudes are reported with
a fixed resolution of 0.1 units. This binning introduces
a systematic underestimation of the b-value when us-
ing Eq. (2), because the discrete nature of the data bi-
ases the mean magnitude upward. The bias becomes
even more pronounced when using the b-positive and
b-more-positive estimators. Analytical corrections to
address this issue have been proposed by van der Elst
(2021) and Gasperini and Tinti (2023). A different strat-
egy (cf., Godano et al., 2014; Lippiello and Petrillo, 2023)

consists in introducing a small random perturbation,
uniformly distributed in the interval (−0.05, 0.05), to
eachmagnitude in the catalog. As shown inAppendixB,
this procedure effectively compensates for the rounding
effect and yields an accurate estimate of the b-value. We
have explicitly verified that the results presented in this
study remain substantially identical regardless of the
magnitude rounding strategy, confirming that our find-
ings are robust against rounding effects. Finally, we ob-
serve that no specific procedures were implemented to
remove quarry blasts or induced seismicity events from
the five regional catalogs.

4.2.1 The b-value in the JMA catalog

Results for the JMA catalog are plotted in the right panel
of Fig. 2. The behavior of β0 is similar to that observed
in the ETASI catalog (left panel). Specifically, we see
that β0 increases with Mth, reaching an initial plateau
at βCV = 1.74 ± 0.01. With further increases in Mth,
β0 resumes its growth, eventually stabilizing at a value
close to βMBS = 1.96 ± 0.05. For even larger Mthvalues,
β0 shows additional growth toward β & 2.1, albeit with
an uncertainty of approximately δβ ' 0.15.
In contrast, the quantity β+ quickly stabilizes at a

plateau value around βMBS and remains nearly constant
across all values of δMth. Meanwhile, β++ transitions
from an initial value of β++ = 2.06 ± 0.01 at δMth = 0 to
β++ = 2.11±0.01 at δMth = 0.4, afterwhich it decreases
slightly to approximately β++ = 2.07 ± 0.01.
The comparison with Fig. 2 highlights that the value

of β estimated from β0 tends to be underestimated.
Specifically, we find βMBS = 1.96 ± 0.05, which should
be compared to βmax

++ = 2.11 ± 0.01. This latter value,
βmax

++ , is expected to be less affected by incompleteness
under the stated assumptions and therefore provides a
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Figure3 Thevaluesofβ (corresponding to b = β/ln(10)),measuredusing the threeestimatorsβ0,β+, andβ++, areplotted
as functions of Nth for the four geographic regions: Southern California (upper left panel), Northern California (upper right
panel), Italy (lower left panel) and New Zealand (lower right panel). Error bars represent twice the standard deviation, and
the same colors and symbols as in Fig. 2, also for the quantities βMAXC, βCV, and βMBS, are used for consistency.

more robust estimate of the b-value.

4.2.2 The b-value in the Italian, Southern, North-
ern and New Zealand catalogs

The values of β0, β+, and β++ as functions of Nth for
the remaining four geographic regions are shown in
Fig. 3. In all cases, β0 starts from very low values at
large Nth and eventually stabilizes in an intermediate
regime, roughly constant, meeting the criteria neces-
sary for identifyingMc in theMAXC, CVandMBSmeth-
ods.
As Nth decreases further, distinct behaviors emerge

across the regions: in Italy, β0 continues to increase
gradually; in Southern California, it remains approxi-
mately stable; while in Northern California and New
Zealand, it appears to decline. It is worth noting that
in this low-Nth regime, statistical fluctuations become
significant, and the observed trends may simply reflect
random variability rather than a meaningful pattern.
In all four regions, we consistently find that β0 is sig-

nificantly lower than β++ at large Nth, aligning with
findings from the synthetic ETASI catalog and the re-
sults previously observed for Japan (Fig. 2). Fig. 3 in-
dicates that, in the regional catalogs analyzed here, the
traditional estimator β0 provides systematically smaller
values than β++. The values for βMAXC, βMBS, βCV, and
βmax

++ , alongwith their associated uncertainties, are pre-
sented in Tab. 1 for all five geographic regions. We also
present the value of βmax

+ defined as the value provided
by the MBS method when considering the β+ vs δMth
curve.
Results of Fig. 3 are obtained using dR= 40 km, for the

constraint on the maximum pairwise distance used in
the evaluation of β++. The same analysis is repeated in
Appendix C and indicates that the b-value estimate re-
mains robust and stable for dR < 90 km.

5 Discussion

The completeness magnitude Mc exhibits significant
spatio-temporal variations. Spatial fluctuations are pri-
marily driven by the non-uniform coverage of the seis-
mic network, while temporal changes are largely dic-
tated by STAI effect, where the coda waves of large
earthquakes obscure subsequent smaller events. A pre-
cise, real-time evaluation of Mc at any specific loca-
tion is practically unfeasible, as it would require exact
knowledge of the wave propagation from all preceding
events to determine if a signal of a given amplitude is de-
tectable. Theprimary advantage of the b-positive frame-
work is that the value ofMc(t, ~x, H) becomes irrelevant.
The core principle is that if an earthquake with magni-
tude mi is detected, it implies mi > Mc. Consequently,
for any subsequent event with mj > mi, the condition
mj > Mc is also satisfied, ensuring that both events are
recorded. However, for this condition to hold, two re-
quirements must be met:

1. Noevent larger thanmi must occur betweenmi and
mj ;

2. The events must occur sufficiently close in space
so that the network’s detection probability remains
the same at both epicenters.
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This second condition, implemented by imposing dij <
dR, represents the fundamental advancement of the b-
more-positive estimator over the original b-positive one.
This spatial constraint is essential for effectivelymanag-
ing the spatial heterogeneity of Mc.
In addition to the distance parameter dR, the b-more-

positive method depends on the threshold parameter
δMth. This parameter is introduced to compensate for
the fact that thedetection function transitions fromzero
to one over a magnitude range of approximately 2σ. In
this study, we evaluated the bias induced by a finite σ
on β++ and found that for δMth > 2σ, the correction is
typically below 2 %.
The optimal values for these two parameters can be

determined by identifying the maximum dR and the
minimum δMth at which β++ becomes independent of
their further variation. We observe that these condi-
tions are reasonably satisfied by setting dR ' 40 km and
δMth ' 0.8.
Nevertheless, results obtained from regional catalogs

exhibit some discrepancies compared to the expected
theoretical behavior. A detailed analysis across dif-
ferent regional catalogs (Figs. 2 and 3) reveals a non-
monotonic variation in β++ as a function of δMth (or,
equivalently, as a function of the decreasing number of
events Nth). Specifically, β++ initially increases from
δMth = 0, reaching a peak value βmax

++ near δMth = 0.5,
followed by a gradual decline as δMth further increases.
This downward trend is particularly evident in Italy and
even more pronounced in New Zealand. In the Italian
catalog, β++ decreases from a peak βmax

++ = 2.64 ± 0.02
at δMth = 0.5 to βmin

++ = 2.55 ± 0.03 at δMth = 1.2.
Similarly, in New Zealand, β++ declines from βmax

++ =
2.68 ± 0.02 at δMth = 0.3 to βmin

++ = 2.53 ± 0.03 at
δMth = 1.1. A similar, though less marked, decline is
observed in Japan and Southern California, whereas it
is absent in Northern California.
The initial increase in β++ with increasing δMth

aligns with theoretical predictions (Sec. 3.2) and is re-
produced in synthetic ETASI catalogs (Fig. 2). However,
the subsequent decrease was unexpected and may in-
dicate distinctive features of real seismicity not fully
captured by the ETASI model. A validation test pre-
sented in Appendix D suggests that, at least for Japan
and New Zealand, this non-monotonic behavior rep-
resents a genuine pattern. To account for the non-
monotonic behavior of β++ as a function of δMth, Tab. 1
reports themaximum value βmax

++ for each of the five re-
gions, alongside β++, which represents the mean value
calculated between βmax

++ and the minimum value βmin
++

observed within the investigated range of δMth. The
results presented in Tab. 1 demonstrate that both the
value of βmax

++ and β++ is significantly larger than the β
value obtained with traditional estimators or with β+.
The only exception is represented by Northern Califor-
niawhere βmax

+ > βmax
++ . In AppendixDwepresent a sta-

tistical test to establish the significance of the observed
difference between βmax

++ and βmin
++ . We find that the hy-

pothesis of a significant decrease inβ++, corresponding
to a significant difference between βmax

++ and βmin
++ , can

be accepted with a confidence level greater than 95 %
for three regions (Japan, Italy, and New Zealand).

At present, we do not have an interpretation for the
decrease of β++ at large δMth, which must therefore be
associatedwith aspects of real seismicity that are not ac-
counted for by the ETASI model. One possible explana-
tion concerns our assumption of a single b-value across
the entire simulated region. In light of the differences
observed in our study among the five regions, it would
likely be more realistic to consider a spatially variable
b-value. The possibility that such spatial heterogene-
ity is responsible for the non-monotonic behavior could
be tested by performing the analysis on smaller subre-
gions within each regional catalog. Nevertheless, this
procedure would reduce the available dataset, thereby
increasing statistical uncertainty and making it more
difficult to disentangle genuine seismic patterns from
randomfluctuations. One alternative explanation could
involve intrinsic correlations between earthquakemag-
nitudes, which the ETAS model does not account for
(Petrillo and Zhuang, 2022, 2023). A fundamental as-
sumption of the ETAS model is that magnitudes are
independent and identically distributed. Yet, recent
studies, focusing on positivemagnitude differences that
are less affected by incompleteness, have revealed sig-
nificant magnitude correlations (Lippiello et al., 2024).
These correlations suggest that a single β value may be
insufficient to fully characterize the distribution. For
example, Nandan et al. (2019, 2022) proposed a modi-
fied ETAS model incorporating two distinct β values for
aftershocks, based on the magnitude of the triggering
mainshock. Similarly, studies such as (Lippiello et al.,
2007, 2008) have suggested that the magnitude distribu-
tion might also depend on the time interval between
triggered and triggering earthquakes. This view aligns
with empirical observations of a temporary increase in
β following large earthquakes, with a gradual return to
a baseline β value over time (Gulia et al., 2016; Gulia and
Wiemer, 2020). In a simpler framework, an ETASmodel
with two distinct β values – one for triggered events and
another for background seismicity – could plausibly ex-
plain the observed decrease in β++ at higher δMth val-
ues.
Finally, we emphasize that all our b-value estimates

are obtained from regional catalogs without applying
any declustering. In fact, declustering routines remove
events from the catalog, which directly violates the re-
quirement that the pair (mi, mj) must be “consecutive”
(i.e., no event mk > mi occurs between them within
distance dR). Consequently, filtering a catalog through
declustering severely undermines the performance of
both b-positive and b-more-positive estimators.

6 Conclusions
We have estimated the b-value in synthetic ETAS cata-
logs after the removal of small-magnitude earthquakes
to account for STAI and SNDI. Our findings demon-
strate that traditional methods, which rely on identify-
ing a magnitude threshold Mth above the completeness
level and fitting a GR law for magnitudes m > Mth,
systematically underestimate the true b-value. In con-
trast, we show that the b-more-positive estimator, β++,
provides an accurate and robust estimate of the true b-
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value. Additional analyses on the effects of magnitude
rounding and finite uncertainty σ, which further sup-
port these conclusions, are presented in Appendices A
and B; these investigations were partlymotivated by the
reviewers’ comments, and further details can be found
in the associated review–response document available
online.
While the proposed approach shows high efficiency

in synthetic catalogs and effectively removes biases as-
sociated with STAI and SNDI, some caution is required
when applying it to real instrumental catalogs. In par-
ticular, as for other methods proposed in the literature,
performance may degrade in the presence of measure-
ment uncertainties, and catalog heterogeneities, poten-
tially leading to residual biases that are not fully filtered
by the method. Therefore, applications to small or im-
perfect datasets should be interpreted with care. Our
results on instrumental catalogs show that β++ con-
sistently yields higher values than traditional estima-
tors. This implies that conventional b-value estimates
used inmany seismic forecasting studies are biased low.
Provided that the other parameters of the forecasting
model remain unchanged, such a bias may have led to
a systematic overestimation of seismic hazard. Correct-
ing this bias is therefore of primary importance for im-
proving the reliability of seismic forecasting models.
A further novel result of our study is that β++ reveals

significant differences in the b-value across the five con-
sidered regions. This challenges the common assump-
tion of a region–independent b-value and opens the way
to a more realistic description of seismicity that explic-
itly incorporates regional variability.
In addition, β++ exhibits a gradual but significant de-

crease with increasing δMth, a feature not reproduced
in incomplete ETAS catalogs. This behavior may reflect
genuine deviations from the GR law, potentially related
to recently identified correlations between earthquake
magnitudes and/or spatial variation of the b-value. Dis-
entangling whether this trend arises from statistical
fluctuations or reflects intrinsic properties of seismic-
ity remains a critical challenge, with direct implications
for refining earthquake forecasting.
Future studies could extend our analysis to smaller

subregions within each catalog, in order to better re-
solve local spatial variations of the b-value inside each
geographic region. Such work would further clarify the
physical origin of regional differences and provide a
stronger basis for the development of next-generation
seismic forecasting models.
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online through the following links: Japan: https:
//www.data.jma.go.jp/eqev/data/bulletin/index.html,
Southern California: https://scedc.caltech.edu/data/

alt-2011-dd-hauksson-yang-shearer.html, Northern Cal-
ifornia: https://ncedc.org/ncedc/catalog-search.html,
Italy: https://horus.bo.ingv.it/, and New Zealand:
https://quakesearch.geonet.org.nz/. In addition, tools
for generating synthetic ETASI catalogs are available at
https://doi.org/10.5281/zenodo.18831071.

Appendix A: Robustness of the β++
framework and finite detection uncer-
tainty
The robustness of theβ++ framework relies on the func-
tional form of the detection probability Φ(m − Mc). As
a general property, it is reasonable to expect that the
detection probability is characterized by a rapid transi-
tion: it saturates to unity for m > Mc + σ and decays to
zero for m < Mc − σ, where σ defines the scale of the
detection uncertainty.
Given a detectedmagnitude mi, the probability that a

subsequent event mj (with mj > mi + δMth) is missed
by the catalog can be formally expressed as:

(12)
P (not detected | mj > mi + δMth)

= 1 −
∫ ∞

mi+δMth
Φ(m − Mc)p(m) dm∫ ∞

mi+δMth
p(m) dm

where p(m) represents the true underlying mag-
nitude distribution (Eq. 1). It is evident that
P (not detected | mj > mi + δMth) → 0 as δMth
becomes significantly larger than σ, vanishing exactly
only in the limit δMth/σ → ∞. In this appendix, we
explore the systematic error introduced by a finite
value of δMth/σ.
Wefirst observe that thedetectionprobability is an in-

creasing function ofmagnitude, which introduces a sys-
tematic bias in the calculation of β++. Specifically, it is
more probable to miss earthquake pairs characterized
by a smaller difference mj − mi. Consequently, the first
detected eventmj used in the evaluation of β++ (Eq. 10)
will be, on average, larger than the corresponding event
in a complete dataset. This leads to a systematic bias
ε = (βtrue/β++) − 1 > 0, which vanishes only in the
limit δMth/σ → ∞.
To quantify this bias, we model the detection func-

tion Φ using an error function (Eq. 3) to account for the
Gaussian distribution of the detection threshold. Since
Eq. (12) lacks a closed-form analytical solution when in-
volving the error function, we evaluate the bias through
numerical simulations using the following procedure:

1. Selection of mi: We extract a magnitude mi from
the GR law with a given β. The event is accepted
with probability Φ(mi − Mc). If rejected, the pro-
cess is repeated until a value is accepted.

2. Comparison of Datasets:

(a) For the complete dataset, weextract subsequent
magnitudes m2, from a GR law with the same
β, until the condition m2 > mi + δMth is met.
We then store the value ∆mcompl = m2 − mi −
δMth.
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(b) For the incomplete dataset, we further require
that the selected m2 be accepted with proba-
bility Φ(m2 − Mc). If it is accepted we store
the value ∆muncompl = m2 − mi − δMth.
Conversely, if m2 is rejected by the detection
function, new values of m2 are extracted un-
til both the threshold condition (m2 > mi +
δMth) and the detection condition are simulta-
neously satisfied. We then store ∆muncompl =
m2 − mi − δMth.

3. Estimation: This procedure is repeated 106 times.
We then calculate βuncompl and βcompl as the inverse
of the mean values of ∆muncompl and ∆mcompl, re-
spectively.

Numerical results confirm that βuncompl = β within
negligible statistical fluctuations. In Fig. 4, we plot the
bias ε = (βcompl/βuncompl)−1 as a functionof δMth/σ for
various values of β and σ. We observe a reasonable col-
lapse of the curves when ε is scaled by β2σ2. The func-
tional dependence is consistent with an exponential de-
cay, well-approximated by the following expression:

(13)ε ' 0.2 β2σ2
(

δMth

σ
+ 1

)
10− δMth

σ .

This result demonstrates that the bias caused by a fi-
nite σ becomes negligible (ε . 0.01) as soon as δMth &
2σ.

Figure 4 The estimated value of ε from numerical simula-
tions plotted against δMth/σ. We utilize a detection func-
tion given by Eq. (3) and magnitudes extracted from the GR
law (Eq. 1). Different curves and symbols correspond to
varying values of β and σ. The solid black curve represents
the fit using Eq. (13).

Appendix B: How to correct magnitude
rounding
Magnitudes in seismic catalogs are typically rounded
to the first decimal digit. This rounding introduces a
systematic bias in the estimate of the b-value through
Eq. (5). This problem was first highlighted by UTSU

Figure 5 Estimated values of β+ in a synthetic catalog
with magnitudes rounded at ∆ = 0.1, for different val-
ues of δMth. Black circles: results without rounding cor-
rections. Red squares: Eq. (14) with double-precision arith-
metic. Blue triangles: Eq. (14) with single-precision arith-
metic. Green diamonds: Eq. (5) with randomnoise εi added
to each mi. The magenta dashed line indicates the true
value β+ = βTRUE.

(1966), who proposed an approximate correction to
Eq. (2) for the evaluation of the b-value using the tradi-
tional method.
The bias becomes even more relevant when estimat-

ing b-value via the b-positive or b-more-positive estima-
tors. An analytical expression that accounts for the
rounding step ∆ was derived by van der Elst (2021) and
later rederived by Gasperini and Tinti (2023):

(14)β+ = 1
2∆ ln

(
|∆M |+2∆

|∆M |

)
,

where

(15)|∆M |= 1
N+

N+∑
i=1

mj>mi+δMth

(mj − mi − δMth) .

However, the use of Eq. (14) can present technical is-
sues. First, Eq. (14) is strictly valid only when δMth is
an integer multiple of the rounding step, i.e. δMth =
k∆. When this condition is not satisfied, the estimate
of |∆M | becomes biased, since rounding introduces a
systematic gap in mj − mi − δMth that is not compen-
sated by Eq. (14).
To illustrate this effect, we generated a synthetic cata-

log containingN = 106 earthquakes distributed accord-
ing to theGR lawwith a trueβ value, βTRUE. We then ap-
plied rounding with∆ = 0.1 to themagnitudes and esti-
matedβ+ usingEq. (14) for different values of δMth. The
results show that when δMth = k ·0.1, the correct βTRUE
is recovered. Conversely, a systematic underestimation
is observed when δMth = k · 0.1 + δk, with δk = 0.5. For
other choices of δk ∈ (0, 1), deviations from βTRUE are
also observed, but these vanish as δk → 0 or δk → 1.
It is also worth noting that the computation of β+ via

Eq. (14) is highly sensitive to numerical precision. In
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Figure 6 The values of β+ and β++ (corresponding to b = β/ln(10)), for different choices of dR, are plotted as functions of
Nth for the four geographic regions: Southern California (upper left), Northern California (upper right), Italy (lower left), and
New Zealand (lower right).

Fig. 5, we show the results of Eq. (14) when |∆M | is eval-
uated using single-precision floating-point arithmetic.
In this case, a systematic underestimation occurs for all
values of δMth.
Conversely, we found that a stable estimate of β+ can

be obtained by correcting for rounding through the ad-
dition of a random noise term εi to each magnitude mi

in the catalog, where εi is drawn from a uniform distri-
bution, εi ∈ (−0.5∆, 0.5∆). By applying this correction
and directly using Eq. (5), we recover the correct βTRUE
for all values of δMth, even under single-precision arith-
metic (see Fig. 5). We remark that exactly the same be-
havior holds for the b-more positive estimator β++. We
have adopted both approaches in this study obtaining
indistinguishable results, confirming that they are not
affected by rounding problems.

Appendix C: Dependence on dR

The b-more-positive estimator depends on the param-
eter, dR, which represents the maximum distance be-
tween pairs included in the sum of Eq. (10). As dis-
cussed in Sec. 3.2, this constraint is required in order
to satisfy Eq. (9). In Fig. 3, we have presented results for
dR = 40 km. Here we repeat the same analysis by ex-
ploring a broader range of values, dR ∈ [15 km, 500 km].
The results indicate that for dR . 90 km, the b-value
estimate is only weakly affected by dR, suggesting that
Eq. (9) is reasonably satisfied. In contrast, for larger val-
ues of dR, we observe significant deviations. A very sim-
ilar behavior (not shown) is found for the Japan catalog.

Appendix D: Statistical test on the non-
monotonicityofβ++ in regional catalogs
The initial increase in β++ with δMth, observed in all
regional catalogs, aligns with theoretical predictions
(Sec.3.2) and is indeed recovered in synthetic ETASI cat-
alogs (Fig. 2). However, the subsequent decrease in
β++, which consistently appears in all but one instru-
mental catalog, was unexpected and may point to dis-
tinctive characteristics of real seismicity that are not
fully captured by the ETASI model. This suggests that
it is plausible that such behavior represents a genuine
feature of real seismicity rather than a mere statistical
fluctuation. To support this interpretation, we perform
a test for correlated nested estimators (Cameron and
Trivedi, 2005). Namely, we evaluate the quantity:

(16)t =
βmax

++ − βmin
++√

σ2
1 + σ2

2 − 2rσ1σ2
,

where σ1 and σ2 are the standard deviations of βmax
++ and

βmin
++ , respectively, and r is the correlation between βmax

++
and βmin

++ that can be estimated as

(17)r ≈
√

n

n + m
,

with n being the number of earthquakes used for esti-
matingβmax

++ andn+mbeing thenumber of earthquakes
used for estimating βmin

++ .
The values of βmax

++ , βmin
++ , σ1, σ2, and t are reported in

Tab. 2. We find that the hypothesis of a significant de-
crease in β++, corresponding to a significant difference
between βmax

++ and βmin
++ , can be accepted with a confi-

dence level greater than 95 % for three regions (Japan,
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Italy, and New Zealand). For Southern California, the
confidence level is about 90 %, whereas for Northern
California no evidence of a non-monotonic trend can be
established.

Region βmax
++ σ1 βmin

++ σ2 t
Significance
level

Japan 2.104 0.0074 2.054 0.020 2.82 99%
South
California 2.446 0.026 2.378 0.060 1.37 91%

North
California 2.292 0.019 2.280 0.022 0.81 79%

Italy 2.636 0.021 2.550 0.057 1.84 95%
New
Zealand 2.533 0.026 2.370 0.058 2.98 99%

Table 2 Statistical test comparing themaximumandmin-
imum values of β++ (βmax

++ , βmin
++ ), together with their stan-

dard deviations, the corresponding t-value, and the associ-
ated confidence level, in order to assess the non-monotonic
behavior of β++ across the five geographic regions.

These results suggest that the non-monotonic behav-
ior of β++ is a genuine pattern that is not fully captured
by the ETASI model.
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