doi:10.26443/seismica.v5il.2257

Correcting exponentiality test for binned earthquake

magnitudes

2

Angela Stallone (© * 1, Ilaria Spassiani

!istituto Nazionale di Geofisica e Vulcanologia, Bologna, Italy, 2Istituto Nazionale di Geofisica e Vulcanologia, Rome, Italy

Author contributions: Conceptualization: Angela Stallone. Methodology: Angela Stallone, Ilaria Spassiani. Software: Angela Stallone. Formal Analysis: Angela

Stallone, Ilaria Spassiani. Writing - Original draft: Angela Stallone, llaria Spassiani.

Abstract Above the magnitude of completeness - the minimum threshold for which a 100% detection
rate is assumed - earthquake magnitudes are typically modeled as a continuous exponential distribution. In
practice, however, earthquake catalogs report magnitudes with finite resolution, resulting in a discrete (ge-
ometric) distribution. To determine the magnitude of completeness, the Lilliefors test is commonly applied.
Because this test assumes continuous data, it is standard practice to add uniform noise to binned magnitudes
prior to testing exponentiality. Here we show analytically that uniform dithering does not recover the underly-
ing continuous exponential distribution from its discretized (geometric) form. It instead returns a piecewise-
constant residual lifetime distribution, whose deviation from the exponential model becomes detectable as
catalogsize or bin width increases. Through numerical experiments, we demonstrate that this deviation yields
a systematic overestimation of the magnitude of completeness, with biases exceeding one magnitude unit in
large, high-resolution catalogs. We derive the exact noise distribution - a truncated exponential within each
magnitude bin - that correctly restores the continuous exponential distribution over the whole magnitude
range. Numerical tests show that this correction yields Lilliefors rejection probabilities that are consistent
with the significance level across a wide range of bin widths and catalog sizes. Although illustrated for the
Lilliefors test, the identified bias and the proposed correction are independent of the specific statistical test
and apply generally to exponentiality testing of discretized magnitude data.

Non-technical summary Earthquake magnitudes are commonly described by a continuous ex-
ponential distribution within the range where the Gutenberg-Richter law applies. However, reported magni-
tudes are discretized (binned), following a geometric distribution. The Lilliefors test is often used to estimate
the magnitude of completeness, and common practice is to add uniform noise to discretized magnitudes so
the test can be applied. This study shows that uniform noise does not recover the underlying exponential dis-
tribution and instead introduces a bias that becomes detectable for large catalogs or coarse binning, leading
to overestimation of the magnitude of completeness. We derive the correct noise that must be added, i.e., a
truncated exponential within each bin, and show that it restores the continuous exponential distribution.

1 Introduction
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tial for any statistical analysis based on earthquake cat-

Within the magnitude range above the completeness
threshold where self-similarity approximately holds,
the complementary cumulative frequency-magnitude
distribution of earthquakes is described by the Guten-
berg-Richter (GR) law (Gutenberg and Richter, 1944),
a decreasing exponential model. Below this threshold,
the distribution deviates from exponential behavior due
to the incomplete recording of low-magnitude events,
which is influenced by the quality and configuration
of the seismic network (Seismic Network Density In-
completeness, SNDI) and by transient increases in noise
following large earthquakes (Short-Term Aftershock In-
completeness, STAI) (Mignan and Woessner, 2012, and
references therein). Accurately estimating the magni-
tude of completeness - and thus identifying the range
where the exponentiality assumption holds - is essen-

*Corresponding author: angela.stallone@ingv.it

The exponentiality of earthquake magnitudes should
not be assumed a priori, but instead statistically veri-
fied. A common approach for testing the exponential-
ity of continuous data is the Lilliefors test (Lilliefors,
1969; Clauset et al., 2009). Originally proposed to assess
normality (Lilliefors, 1967), the test was later adapted
to exponential distributions. It is a modification of the
Kolmogorov-Smirnov (KS) test (Massey, 1951), specifi-
cally designed for situations in which the distribution
parameters are estimated from the data and the obser-
vations are continuous. However, magnitudes reported
in real seismic catalogs are discrete rather than contin-
uous, typically provided with a resolution of one deci-
mal place. To address this, a standard practice is to add
a random variable uniformly distributed in the range
[-Am/2,+Am/2] (where Am is the bin width), which
transforms discrete magnitudes into continuous vari-

SEISMICA | ISSN 2816-9387 | volume 5.1 | 2026


https://doi.org/10.26443/seismica.v5i1.2257
https://orcid.org/0000-0002-8141-017X
https://orcid.org/0000-0003-2252-0202

SEISMICA | RESEARCH ARTICLE | Correcting exponentiality test for binned earthquake magnitudes

ables. Previous studies have shown that, for Am > 0.01,
this procedure may compromise the reliability of the
Lilliefors test and bias the estimates of the magnitude
of completeness (Herrmann and Marzocchi, 2021; Spas-
siani et al., 2023).

This work was initially motivated by the observation
that the Lilliefors test can return unexpectedly high es-
timates of the magnitude of completeness when applied
to enhanced catalogs, i.e., high-resolution catalogs pro-
duced using template-matching (e.g. Gibbons and Ring-
dal, 2006; Shelly et al., 2007; Chamberlain et al., 2018)
or machine learning techniques (e.g. Dokht et al., 2019;
Zhu and Beroza, 2019; Mousavi et al., 2020). This may
come as a surprise, given that such enhanced catalogs
primarily increase the number of recorded events at
lower magnitudes. However, the higher rejection prob-
ability observed could, in principle, reflect true devia-
tions from exponentiality at low magnitudes caused, for
example, by improper mixing of magnitude types (Her-
rmann and Marzocchi, 2021), or by the greater uncer-
tainty associated with small magnitudes (Patton et al.,
2025). While these issues could affect routine cata-
logs as well, the substantially larger amount of data in
enhanced catalogs - usually containing more than ten
times the number of events found in routine catalogs -
could explain the higher rejection probabilities of the
Lilliefors test, making it more sensitive to even subtle
deviations from the null hypothesis of exponentiality
(increased statistical power). Addressing this problem
is crucial, as it can strongly affect any statistical anal-
ysis performed on high-resolution catalogs relying on
the proper estimation of the magnitude of complete-
ness (Herrmann and Marzocchi, 2021; Mancini et al.,
2022; Stallone, 2025).

An alternative explanation, however, is that the
higher rejection probability actually reflects a method-
ological flaw in how magnitude exponentiality is tested.
To rule this out, we investigate whether the common
procedure of dithering binned magnitudes with uni-
form noise, prior to applying the Lilliefors test, system-
atically introduces spurious deviations from exponen-
tiality. We address this problem both analytically and
numerically, and demonstrate that dithering binned
magnitudes with uniformly distributed noise fails to
correctly recover the exponential distribution. Then,
we derive the appropriate distribution that the added
random variable must follow to ensure a correct trans-
formation from discrete to continuous exponentially
distributed values. Finally, we validate the proposed
method through numerical experiments.

1.1 Binned magnitudes

In real earthquake catalogs, magnitudes are reported
with limited resolution. Because they take values from a
countable set of observable values, their distribution is
discrete rather than continuous. In probabilistic terms,
this can be modeled by applying the floor function to
the exponential distribution, which converts the con-
tinuous exponential distribution into its discrete ana-
logue, i.e., the geometric distribution. More precisely, if
the exponential distribution has parameter 3, then the
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floor operation will transform it to a geometric distribu-
tion with parameter 1—e~# (e.g. Chattamvelli and Shan-
mugam, 2020; Grimmett and Stirzaker, 2001; Lombardi,
2021).

Tinti and Mulargia (1987) explicitly computed the dis-
tribution of binned magnitudes for a fixed bin width.
Specifically, assuming that the magnitudes are spaced
by a constant bin width Am, the variable m; represen-
tative of class 7 can be written as

o1 .
m; = mg + <z—2> Am, i (1)
=1,2,...

which determines the ordering of the bins (e.g., the first
class corresponds to m; = mg + %”). In this case, we
are no longer dealing with the GR frequency-magnitude
distribution for the continuous variable m, whose prob-
ability density function (PDF) is

par(m) = pe Pl @)
Z mo.

Because the binned distribution is discrete, we must
instead introduce the probability mass function (PMF)
p;, which can be obtained as follows:

mg+Am

Am
mifT

. e—,ﬁ (mi—%—mo) [1 _ B Am]

_ 676 Am(i—1) [1 o 67’3 Am] (3)

where, in the last equality, we used Eq. (1) to get

m; — ATm —mo =Am(i —1). (4)

Now, setting ¢ = 1 — e~?2™ we obtain that

L o Ni—1 .
Di 3(21 Q) ) ? (5)

This proves that earthquake magnitudes discretized ac-
cording to a constant bin width Am follow a discrete
geometric distribution with bin-dependent parameter
(success probability) ¢ = 1 — e #A™m,

Having set aside the case of non-binned magnitudes,
we now analytically derive the distribution of dithered
binned magnitudes. The purely theoretical case of non-
binned magnitudes with added noise is addressed sep-
arately in Section S1 of the Supplemental Material.

1.2 Uniformly dithered (binned) magnitudes

As discussed in Section 1.1, although theoretical mag-
nitudes follow a continuous exponential distribution, in
practice they are represented as binned values, consis-
tent with the discrete resolution of real catalogs. When
continuous data are required for statistical tests, such
as using the Lilliefors test to estimate the magnitude of
completeness, the binned magnitudes are commonly

SEISMICA | volume 5.1| 2026



SEISMICA | RESEARCH ARTICLE | Correcting exponentiality test for binned earthquake magnitudes

dithered by adding uniform noise. In fact, the distribution of the random variable (rv.) M = M, + Y, where M, is
discrete while Y is continuous, is effectively continuous. To prove this result, we recall that a generic random variable
M is continuous if and only P(M € A) = 0 for all Borel measurable sets A with zero Lebesgue measure. Now, if M;
has PMF p; and Y has PDF fy (y), the distribution of M = M, + Y is given by

fau(m sz fy(m

Then, for any Lebesgue null set 4, it holds
0<P(MeA)=> PYeA—mNM;=m;) <Y PY €A-m;)=0,
where the last equality follows from the fact that the set A — m; is still Lebesgue null. Therefore, it follows that

P(M € A) = 0and M is a continuous r.v.
In our specific case, using the magnitude class representation (1) by Tinti and Mulargia (1987), we have

1
Mi:m0+(i—2)Am, 1=1,2,...

Y ~U(a,b),
with PMF and PDF respectively given by
pi=q(l—q) 1, g=1—eP2m i=1,2,...
— . if a<y<b
— ) b—a’ 6
Fr) {O otherwise. ©)
The resulting continuous distribution for M can therefore be obtained in the following way:
fu(m)=">" pify(m—1i)
i=1,2,...
= 3 (- gt Ty (m— ). )
i=1,2,... b—a "

Since fy (m — i) # 0 only if (m — i) € (a,b), or equivalently m € (a + i,b + i), the support of f»;(m) is the union of
the intervals (i + a, i + b), fori € N*. Then

fM(m):W Z e Pam (- Y L asi b (m), ©

i=1,2,..

where we used ¢ = 1 — e~#A™, This is a piecewise constant, staircase PDF with values in the interval (1 + a, o0), with
decreasing steps. It precisely consists of the sum of rectangular bumps of width b — a, centered at every i € N, with
exponentially decaying height

1 — e Pam Am (i
L €(a+ib+i), ieNTt.

b—a
If we now set
Am
b = — =
a 2 5
that is, the classical magnitude noise uniformly distributed in (—£22, £2), we get
1 _ e—BAm
_ —BAm (i—1) 1 ) 9
fM(m) - 122: € (Z_M7Z+A2m,)(m) )

The sum above is non-zero only for the integer i,, € N* such thatm € (i,, — 252, i,,, + £52), so the final expression

for far(m)is

1—e=P2™ _BAM (im—1) if ; Am Am ; +
———e , i me (iy, — 57,0 =R), i eN
0 otherwise,

where i) is the largest integer < m + 2, and M assumes values in (1 — 2%, c0).

—ﬁAm

We can conclude that, if M; is geometrlcally distributed with parameter 1—e , while Y is uniformly distributed
Am Am

in (-5, 5), the random variable M = M; +Y follows a residual lifetime dlstrlbutlon, i.e., a staircase distribution
of the process of holding and jump times with probability mass allocated across steps, Whose PDF fpr(m):
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Figure 1 Numerical test showing how Am impacts the approximation quality of the exponential distribution (solid red
line). The analytical solutions of the piecewise constant staircase PDF (a) and CDF (b) are calculated for the following values
of Am: 0.1, 0.2, 0.3, 0.4, 0.5. Since the maximum magnitude is fixed (M, = 5.0), here N is a dependent variable: N =
(Mypmaz — Mo)/Apr, where My = 1.0 is the minimum magnitude. Note: the staircase PDF is normalized by construction, i.e.,
the areas of the piecewise-constant rectangles of width Am sum to 1.

« is continuous, piecewise constant on each interval (i — AT'”J + ATm) , with support (1 — AT’”, 00);
« consists of the infinite sum of rectangular bumps of width Am;
- the heights of the rectangular bumps geometrically decay with ratio e =427,
1.2.1 Finite magnitude dataset (real case-studies)
The calculations presented above are based on an infinite, discrete set of magnitudes, i.e., i = 1,2,.... However,

this assumption does not hold in real applications, where earthquake catalogs are finite and may vary significantly
in quality and size, from statistically limited small datasets to more recent high-resolution records. In theoretical
terms, this implies considering a truncated geometric distribution for M;. Specifically,

1
MZ:mo+(Z—2>Am, i:1,2,...,N

Am Am
Y““(g’z)’

with PMF and PDF respectively given by:

q L _ .
P=gg g A-97h  g=1-e? =12, N
1 . A A
_ Am? lf - 27?7- <y< 2WL
fr(y) = .
0 otherwise.

It is important to note that here N denotes the number of bins, not the total number of events in the catalog.
Specifically, it represents the number of sub-intervals into which the full magnitude range is divided using a fixed,

uniform bin width.
The resulting continuous distribution for M is then obtained as

N

q i1 1
=y —F—(1- el
Fulm) = 3 T g (1= 0 G L) ()
1— e—BAnL 1 N B (i
= T D emfamt 1>1(i_%’i+%)(m), (11)
=1

where we used ¢ = 1—e~#2™, This is again a piecewise constant, continuous PDF of a residual lifetime distribution,
consisting of N rectangular bumps of width Am, centered at every i = 1,..., N and with exponentially decaying

4 SEISMICA | volume 5.1 | 2026



SEISMICA | RESEARCH ARTICLE | Correcting exponentiality test for binned earthquake magnitudes

height (i.e., a staircase distribution). Specifically, in each interval:

1—e PAm 1
faalm) = § “AmT T
0

where i) is the largest integer < m + 22, and M assumes valuesin (1 — &%, N +

The parameter Am mainly changes the rectangles’
width, thus controlling how well the staircase approx-
imates the exponential function inside each bin. In this
sense, it sets the “resolution” of the approximation. On
the other hand, N controls the truncation of the support
after N bins, i.e., how far the rectangles extend into the
tail of the exponential distribution. By renormalizing
the PDF, it rescales the whole staircase relative to the
exponential.

In the following, we perform two numerical tests to
isolate the impact of the bin width Am and the number
of bins N on the quality of the piecewise constant PDF
derived in Eq. (12). In the first numerical experiment,
we fix the maximum magnitude and vary Am (Figure 1),
whereas in the second we fix Am and vary N (Figure 2).

Shrinking the bin width Am forces the staircase to
follow the exponential distribution more tightly, thus
reducing the local approximation error. On the other
hand, decreasing N affects the height of the bins, thus
worsening the global fit to the exponential distribution.

1.2.2 Numerical test: binned magnitudes
dithered with uniform noise

In this numerical test, we aim to answer the following
question: does uniform dithering bias M. estimates? To
simulate binned magnitudes, we draw samples from the
discretized GR law, i.e. the geometric distribution with
parameter p = 1 — e~ #A™, We generate synthetic cata-
logs of binned magnitudes while varying only the cat-
alog size and keeping all other parameters fixed: bin
width Am = 0.1, b-value = 1, and minimum magni-
tude M, = 1.0. For each catalog, we estimate the
magnitude of completeness M. using the Lilliefors test
(oo = 0.1, aconservative choice from a statistical point of
view Clauset et al., 2009) as implemented in the Python
routine Mc-Lilliefors (Herrmann and Marzocchi, 2020,
2021). Inthisidealized case, the true completeness mag-
nitude is known (M. = M, = 1.0). Therefore, any sys-
tematic bias in the estimate of M, could be indicative of
a methodological flaw.

Table 1 shows that the Lilliefors test correctly identi-
fies M, (i.e., M. ~ My = 1.0) only for catalog sizes
of the order of several thousand events. For larger cat-
alogs, the estimated M, becomes systematically higher,
with the error increasing as the catalog size increases.

These results seem to suggest a systematic bias in sta-
tistical testing of binned magnitudes exponentiality. As
the catalog size increases, the Lilliefors test rejects the
null hypothesis of an exponential distribution for a pro-
gressively larger portion of the lower magnitude range.
This shifts the estimated M., to larger values, even if the
underlying distribution is exponential for M > M ip.

To examine this issue more in detail, we set up a nu-
merical experiment to assess how the rejection prob-

5

e AAM = " if m € (i — B2, i, + B2,

iv=1,...,N
2 M ) i (12)

otherwise,

A2m).

Table 1 Estimated magnitude of completeness M, ob-
tained using the Lilliefors test (Lilliefors, 1969) for synthetic
catalogs with M,,;, = 1.0 and varying catalog size (« =
0.1). For each catalog size, M. is calculated as the mean of
the estimates obtained from 50 independent synthetic cat-
alogs. For each synthetic catalog, 100 noise realizations are
considered.

giazt:bg 1,000 10,000 20,000 50,000 100,000 1,000,000
M. 102 104 107 134 170 2.65

ability of the Lilliefors test varies with the bin width
Am and catalog size. For various combinations of Am
and size, we generate 1,000 synthetic catalogs of binned
magnitudes. Each catalog is then dithered following
the standard procedure, i.e. by adding uniformly dis-
tributed noise. Lastly, we apply the Lilliefors test. The
rejection probability is defined as the proportion of sim-
ulations in which the null hypothesis of exponentially
distributed magnitudes is rejected. The full procedure
is described in detail in Algorithm 1 in the Supplemen-
tal Material (Section S4). Results are shown in Table 2
and Figure 3.

Table 2 Lilliefors test rejection probability (%) for a = 0.1,
based on 1,000 simulations with 100 noise realizations each,
shown as a function of bin width (Am) and catalog size.

Am Catalog size

100 1,000 10,000 100,000 1,000,000
0.5 17.9 100 100 100 100
0.4 4.8 100 100 100 100
0.3 53 92.7 100 100 100
0.2 5.6 14.2 100 100 100
0.1 54 5.6 213 100 100

The rejection probability increases with both catalog
size and bin width Am. Specifically, for a fixed catalog
size, the rejection probability tends to increase as Am
increases. With the standard bin width (Am = 0.1), the
exponential model is rejected 100% of the time for size
of order 10°, which corresponds to the lower range of
modern high-resolution datasets (e.g. Ross et al., 2019;
Tan et al., 2021).

These two numerical experiments show that:

1. Dithering with uniform noise does not restore the
original exponential distribution of magnitudes, as
it introduces a systematic deviation;

2. This deviation causes an overestimation of the
magnitude of completeness M., which worsens
with larger catalog sizes;
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Figure 2 Numerical test showing how N impacts the approximation quality of the exponential distribution. Same as the
previous test (see Figure 1), but now we fix Am = 0.1 and explore the following values for N: 5, 10, 20, 50.

3. For a fixed significance level, increasing catalog
size and bin width leads to a higher rejection prob-
ability for the Lilliefors test, as larger samples
provide more information and wider bins induce
stronger deviations from the exponential model,
thus increasing the power of the test.

The apparently correct estimation of M. = My,
(Table 1) and the low rejection probability at low-to-
intermediate catalog sizes (Table 2) is an artefact caused
by two opposing effects compensating each other, i.e.
smoothing by dithering and the statistical power of
the Lilliefors test. For catalog sizes of a few thousand
events, the uniform noise smooths the geometric dis-
tribution sufficiently well that the deviations from the
exponential model are too small for the Lilliefors test
to detect, so the null hypothesis is not rejected. As the
catalog size increases, however, the test gains statistical
power and begins to detect the systematic deviations in-
troduced by the uniform dithering, causing a growing
number of rejections and an increase in the estimated
M..

1.3 Exact random noise to re-obtain the ex-
ponential distribution

Let M, be a geometric random variable with parameter
g =1— e P2™ We now seek to derive the exact distri-
bution for dithering binned magnitudes, such that the
exponential distribution with parameter (3 is recovered
for the variable M = M, + Y.

Since M; creates jumps of size Am, the final contin-
uous exponential distribution can be seen as a contin-
uous mixture of geometric steps, dithered by a random
offset Y € [0, Am). It is therefore natural to assume
that the dithering variable Y has support confined to
this interval, i.e., Y = 0 outside [0, Am). We therefore
adopt a left-edge discretization convention, where M;
represents the left edge of each magnitude bin of width
Am. Note that, in Section 1.2, magnitudes were dis-
cretized using bin centers, following common practice

6

(see for example the magnitude class representation (1)
by Tinti and Mulargia, 1987). While both conventions
are legitimate and mathematically equivalent, the left-
edge formulation is more convenient here because it
avoids splitting the noise support into two symmetric
intervals around the bin center (importantly, the spe-
cific discretization convention does not affect the con-
clusions of this work).

The convolution relating the PDFs of M, M; and Y can
be written as

fa(m) =Y P(M; = k) fy (m — kAm), — (13)

k=1

where fy(m — kAm) # 0 only if m — kAm € [0, Am).
Then, for m € [kAm, (k + 1)Am)), the above sum sim-
plifies to only one non-zero term. Lety = m — kAm;
since we want to recover the exponential distribution,
we set fi;(m) = Be~P™ in Eq. (13), obtaining

Be—[j’(y-&-k’Am) _ (1 _ e—,B’Am)e—ﬂAm(k—l)fY(y)7

where we used the explicit PMF in Eq. (5) of the geomet-
ric random variable M; (see also Eq. (10)). Solving the
above equation for the variable fy (y), yields

Be= Py

_ —BAM
1 —e—BAm

Iy ()

m ﬁe—ﬁy
1—ec—BAm

which, after normalization fOA e PAMdy =

e~ PA™ becomes
Be Py
fY(y): 1 — e—BAmM" (14)
The desired Y to recover the exponential distribution
is therefore a truncated exponential random variable
defined on the support [0, Am). In fact, if X is a ran-
dom variable with PDF and CDF respectively equal to

fx(x) and F(z), the truncated PDF of X on the inter-

val (a,b| is obtained as fx(z|la < X < b) %

(e.g. Feller, 1957). Precisely, Y represents the residual
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Figure3 Lilliefors test rejection probability (%) for = 0.1, computed from 1,000 simulations, each incorporating 100 noise
realizations, across varying bin widths (Am) and catalog sizes. Independent random seeds are used for each bin width and
catalog size combination. See Table 2 for the exact probability values.

waiting time within the current bin, i.e., the remainder
thatis obtained when sampling an exponential variable,
and then dividing the result by Am.

1.3.1 Numerical test:
dithered with
noise

binned magnitudes
truncated exponential

We perform two numerical experiments analogous to
those described in Section 1.2.2. In the first test, we
generate synthetic catalogs of binned magnitudes for
increasing catalog sizes, while keeping all other param-
eters fixed (bin width Am = 0.1, b-value = 1, and
Myin = 1.0). This time, however, the binned magni-
tudes are dithered by adding a truncated exponential
random variable supported on [0, Am). For each cat-
alog size, the magnitude of completeness M, is calcu-
lated as the mean of the Lilliefors test (@« = 0.1) esti-
mates obtained from 50 independent synthetic catalogs.
For each synthetic catalog, 100 independent dithering
realizations are considered in order to reduce sensitiv-
ity to individual realizations of the truncated exponen-
tial noise, following Herrmann and Marzocchi (2021).
The resulting p-values are averaged and compared to
the significance level a. This averaged quantity should
not be interpreted as a formal p -value combination, but
as a way to ensure that the rejection decision does not
depend on a specific noise realization.

Table 3 shows that the estimated magnitude of com-
pleteness remains stable and close to the true value
(M, ~ Mpi, = 1.0) across all catalog sizes, including

7

the largest ones.

Table 3 Estimated magnitude of completeness M. ob-
tained using the Lilliefors test for synthetic catalogs with
M, = 1.0 and varying catalog size (&« = 0.1). For each
catalog size, M. is calculated as the mean of the estimates
obtained from 50 independent synthetic catalogs. For each
synthetic catalog, 100 noise realizations are considered.

gfzt:mg 1,000 10,000 20,000 50,000 100,000 1,000,000
M, 100 101 101 102 101 103

In the second numerical test, we explore how the re-
jection probability of the Lilliefors test varies for various
combinations of Am and size. The procedure is summa-
rized in Algorithm 2 in the Supplemental Material (Sec-
tion S5). Results are shown in Table 4 and Figure 4.

Rejection probability tends to increase with catalog
size, though at a much slower rate than in the uni-
form-noise case. This is consistent with the statistical
power of Lilliefors test increasing as the catalog size
grows, meaning that even very small deviations from
the exponential model are detected. These departures
can arise from numerical precision effects such as tiny
numerical rounding errors in computer calculations,
repeated values caused by limited numerical precision,
or minor inaccuracies introduced by approximate p-
value calculations. Rejection probability also increases
as Am decreases. This is plausibly related to finite-pre-
cision effects: when Am is small, the support of the
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Figure4 Same as Figure 3, but magnitudes are dithered with truncated exponential noise. See also Table 4.

Table4 Lilliefors test rejection probability (%) for « = 0.1,
based on 1,000 simulations with 100 noise realizations each,
shown as a function of bin width (Am) and catalog size.

Am Catalog size

100 1,000 10,000 100,000 1,000,000
0.5 0.8 0.5 0.5 0.8 1.7
0.4 1 0.7 1.4 2.5 3.8
0.3 2.5 19 3.8 3.8 6.3
0.2 5 3.8 55 7.8 10.6
0.1 52 4.3 7.3 9 13.7

truncated exponential noise is very narrow, and this
could introduce small distortions that the test detects
only when the catalog size is very large.

Rejection probability remains below 10% for all com-
binations of Am and N, except for two cases at N = 105,
where we observe a rejection probability of 10.6% for
Am = 0.2 and 13.7% for Am = 0.1. We interpret
this behavior as resulting from numerical precision ef-
fects (see above) that are present at all sample sizes,
but become more evident as the catalog size grows very
large. Nevertheless, all rejection probabilities are far
below those obtained with uniform dithering, and re-
main close to a = 0.1 even for N = 10°. This indi-
cates that dithering magnitudes with truncated expo-
nential noise is consistent with the assumed GR expo-
nential model.

These conclusions remain unchanged when alterna-
tive numerical choices are adopted. In particular, us-
ing the median instead of the mean of the Nnoisk p-

8

values (line 22 of Algorithms 1 and 2 in the Supplemen-
tal Material), or generating binned magnitudes by first
sampling from the continuous GR exponential distribu-
tion and then discretizing them with the floor function,
yields rejection probabilities that are statistically indis-
tinguishable from those reported here.

2 Discussion and conclusions

Validating the range over which earthquake magnitudes
follow an exponential distribution is essential for any
analysis that depends on a rigorous estimate of the mag-
nitude of completeness and on parameters such as the
b-value of the GR distribution. The Lilliefors test, which
is generally used for this purpose, assumes continu-
ous data. However, real catalogs report binned (dis-
crete) magnitudes. To overcome this problem, itis com-
mon practice to dither binned magnitudes with uniform
noise before applying the test.

In this study, we show both analytically and numeri-
cally that uniform dithering does not correctly recover
the underlying continuous exponential distribution. In-
stead, itintroduces a systematic bias that remains unde-
tected at low-to-intermediate catalog sizes due to two
opposing effects neutralizing each other: the smooth-
ing introduced by dithering and the limited statistical
power of the Lilliefors test. In other words, for small
and medium catalogs, the uniform noise makes the data
‘appear’ exponential, when they actually are not. As ei-
ther the bin width increases (= higher approximation er-
ror) or the catalog size grows (= more information), the
Lilliefors test becomes sensitive enough to detect this
deviation. The result is a systematic overestimation of
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the magnitude of completeness, with biases exceeding
one magnitude unit in large, high-resolution catalogs.

To address this issue, we propose replacing uniform
dithering with truncated exponential dithering. We
demonstrate, both analytically and numerically, that
the truncated exponential noise correctly reconstructs
a continuous exponential distribution without intro-
ducing artifacts into the final magnitude distribution.
One could test the exponentiality hypothesis directly on
binned magnitudes using methods like the maximum-
likelihood estimation applied to the geometric distri-
bution. Although feasible in principle, this is beyond
the scope of this work. Our goal here is to propose a
minimal modification to the established practice that
completely resolves the issue identified above, while re-
maining simple to implement.

The proposed correction is relevant for both standard
and high-resolution catalogs, but its impact is most sig-
nificant for the latter. Modern high-resolution catalogs
often contain on the order of ~ 10° events, which gives
the Lilliefors test a very high statistical power. When
uniform dithering is applied, this increased sensitivity
leads to the detection of even subtle deviations from ex-
ponentiality, resulting in a substantial overestimation
of the magnitude of completeness. By contrast, the pro-
posed truncated exponential dithering eliminates this
bias and provides a statistically consistent method for
completeness estimation in large modern catalogs.
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