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Abstract The Epidemic-Type Aftershock Sequence model (ETAS) is a well-established point process
framework for characterizing earthquake occurrences. Traditionally, ETAS parameters are estimated using
maximum likelihood methods, where the background rate is smoothed by a Gaussian kernel density. More
recently, a Bayesian formulation has been proposed, in which the background rate is modeled as a Gaussian
Process prior, enabling a flexible semi-parametric estimation. However, this approach can become compu-
tationally demanding for large datasets due to the dense covariance structure of the Gaussian Process. An
alternative representation of Gaussian processes with Matérn covariance functions can be obtained through
Gaussian Markov Random Fields via the Stochastic Partial Differential Equation (SPDE) approach, which pro-
vides a sparse precision matrix formulation and significantly reduces computational complexity. Building on
this connection, we introduce a computationally efficient formulation of the Bayesian Gaussian Process ETAS
model, termed SPDE-ETAS model, where the Gaussian Process covariance matrix is replaced by a sparse pre-
cision matrix within a Log-Gaussian Cox Process framework. The precision matrix is constructed using the
finite element method on a triangular mesh, and the log-prior of the Gaussian Markov Random Field is ap-
proximated via the Laplace approximation to accelerate computation. The model is first validated on syn-
thetic datasets to assess its accuracy and computational efficiency compared to the kernel-based and Gaus-
sian Process Epidemic-Type Aftershock Sequence approaches. It is then applied to the Italian earthquake cat-
alog (1960-2025) to estimate the stationary background seismicity with its uncertainties, relevant for seismic
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hazard assessment.

1 Introduction

Point process models are widely used to characterize
the occurrence of earthquakes in time and space. One
of the most commonly used models is the Epidemic-
Type Aftershock Sequence (ETAS) model (Ogata, 1998),
which models the spatiotemporal clustering of earth-
quakes. The ETAS model has a wide range of applica-
tions, including earthquake forecasting, characteriza-
tion of earthquake clusters, and understanding changes
in earthquake patterns (e.g., Console and Murru, 2001;
Zhuang et al., 2004, 2008; Werner et al., 2011; Lombardi,
2015; Ogata et al., 2019; Ebrahimian et al., 2022; Asayesh
etal., 2023, 2025).

The ETAS model consists of two components. The
first one is the background rate, which represents long-
term, spontaneous earthquake activity related to tec-
tonic processes. The second one is the triggering com-
ponent, which models aftershocks generated by previ-
ous earthquakes. While the triggering mechanism is
often well described by established parametric laws,
such as the modified Omorilaw (Omori, 1894), the back-

*Corresponding author: rahmani@uni-potsdam.de

ground rate is much harder to specify and remains a ma-
jor source of uncertainty.

In most applications, the ETAS model is fitted us-
ing maximum likelihood estimation (e.g., Ogata, 1998;
Zhuang et al., 2002; Helmstetter and Sornette, 2002;
Zhuang et al., 2004; Hainzl et al., 2024). This approach
provides a single estimate of the model parameters,
which is then used for forecasting future seismicity.
However, parameter estimation in the ETAS model is
known to be difficult. The likelihood function is often
relatively flat (Veen and Schoenberg, 2008; Ross, 2021),
meaning that several parameter combinations can ex-
plain the observed data almost equally well. As a re-
sult, parameter estimates can be uncertain, and fore-
casts based on point estimates may be unreliable, even
for large earthquake catalogs (Ross, 2021; Ebrahimian
et al., 2022). Moreover, uncertainty quantification un-
der the maximum likelihood framework is challenging
and often relies on computationally expensive proce-
dures such as bootstrap methods (Dutilleul et al., 2024).

Bayesian inference offers an alternative framework
in which uncertainty about model parameters is ex-
plicitly represented through probability distributions,
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with prior distributions encoding initial uncertainty
and the posterior distribution reflecting updated uncer-
tainty after incorporating the observed data through the
likelihood. In principle, this allows parameter uncer-
tainty to be naturally propagated into earthquake fore-
casts (Ebrahimian et al., 2022; Molkenthin et al., 2024).
In practice, however, Bayesian inference for the ETAS
model is difficult. The posterior distribution is highly
complex and exhibits strong parameter dependencies,
making direct Markov chain Monte Carlo (MCMC) sam-
pling inefficient. Standard random-walk Metropolis-
Hastings algorithms mix poorly and do not scale well as
the number of earthquakes increases (Ross, 2021).

One effective way to simplify Bayesian inference is to
introduce a latent branching structure, in which each
earthquake is classified as either a background event or
a triggered aftershock. This representation reduces pa-
rameter correlations and leads to more stable and effi-
cient inference algorithms (Ross, 2021).

Building on this idea, several Bayesian extensions
of the ETAS model have been proposed that allow the
background rate to be modeled flexibly. In particular,
GP-ETAS models use Gaussian process priors to repre-
sent spatial (Molkenthin et al., 2022) or temporal varia-
tions (Muir and Ross, 2023) in the background intensity,
whereas Dirichlet-ETAS models rely on Dirichlet pro-
cess mixtures to capture spatial heterogeneity (Ross and
Kolev, 2022). These approaches avoid strong parametric
assumptions and can capture complex patterns in seis-
micity. However, Gaussian process-based models in-
volve dense covariance matrices, and Dirichlet process
formulations require repeated sampling over complex
mixture structures. As a result, these methods become
difficult to apply to large earthquake catalogs.

In this work, we propose an alternative Bayesian
GP-ETAS model, termed Stochastic Partial Differen-
tial Equation ETAS (SPDE-ETAS), that retains a flexi-
ble, non-parametric background representation while
improving computational efficiency. The spatial back-
ground seismicity is modeled within a Log-Gaussian
Cox Process (LGCP) framework, consistent with exist-
ing latent Gaussian ETAS frameworks, but with the la-
tent Gaussian field defined by a stochastic partial dif-
ferential equation (SPDE). This construction leads to a
Gaussian Markov random field (GMRF) with a sparse
precision matrix, thereby substantially reducing com-
putational costs (Lindgren et al., 2011). As a result,
the proposed approach does not modify the underly-
ing statistical model, but provides a computationally
efficient approximation that enables scalable Bayesian
inference. The SPDE representation is discretized us-
ing the finite element method on a triangular mesh, re-
sulting in a GMRF approximation of the latent spatial
field, whose posterior distribution is approximated us-
ing a Laplace approximation around its mode (Simpson
et al., 2016). This approach allows the model to repre-
sent complex spatial patterns while remaining scalable
to large datasets. Combined with a latent branching for-
mulation of the ETAS model, the proposed approach en-
ables efficient Bayesian inference for earthquake cat-
alogs that are challenging to analyze using maximum
likelihood estimation or GP-based Bayesian methods.

2

The remainder of this paper is organized as follows.
We first introduce the SPDE-ETAS model and describe
its numerical implementation with a definition of the
LGCP and SPDE. Then, we illustrate the performance
of the method using synthetic and real earthquake data
and discuss the results.

2 SPDE-ETAS

The ETAS model (Ogata, 1998; Zhuang et al., 2002) is a
Hawkes process — a self-exciting point process model
(Hawkes, 1971) — that models earthquake occurrences
in space, time, and magnitude. It decomposes seis-
micity into two components: spontaneous background
events and triggered aftershocks, with a latent branch-
ing structure governing the causal relationships be-
tween events. The conditional intensity function of the
ETAS model is

At,z,m | He,0,,0,) =

w(x | 0.) + Z ot —ti,x —ximi | 0,) . (1)
{i:ti<t}

Here, H; denotes the history of the process up to
time ¢, consisting of the set of past events {(¢;, z;,m;)},
where t;, ¢;, and m; represent the occurrence time, spa-
tial location, and magnitude of event i, respectively. The
parameter vector § denotes all model parameters and is
decomposed as ¢ = (0,,,6,,), corresponding to the back-
ground and triggering parameters, respectively. The
first term, p(x | 6,,), represents the background rate in-
tensity, modeling spontaneous events in space, e.g. re-
lated to tectonic loading, with parameters ¢, specified
in more detail in Section 2.1. The second term, ¢(+), is
the triggering function, modeling aftershocks caused by
previous events.

Event magnitudes m; are independent and follow the
Gutenberg-Richter distribution:

B = B e—ﬁ(m—mo)7
where 8 = In(10)b is the rescaled Gutenberg-Richter
b-value and my is the minimum magnitude.

A typical parametrization of the triggering function
with 8, = (K, a,¢,p,d, 7, q) is

pu(m | m > mg, (2)

ot —ti,x —x5,m; | 0,) =
H(mZ|K,a)g(t—tl ‘C7p)8(w_wl7mz|d7’y7q)a (3)

where the terms correspond to:

« Productivity k(m; | K,a) = Ke®(mi=m0)  control-
ling the expected number of aftershocks per event
(also called the Utsu law, see Utsu, 1970);

« Temporal decay g(t —t; | ¢,p) = (t —t; +¢) P, repre-
senting the modified Omori-Utsu law (Omori, 1894;
Utsu, 1961), which characterizes the temporal de-
cay of aftershocks after a mainshock at time ¢;, with
p being the power law exponent and ¢ a time lag be-
tween the mainshock and the start of the power-law
decay;
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« Spatial kernel

S(ﬂ? — L, My ‘ d77aQ) =
(z —a)(x—z)] "

om(m; | d,7y)

qg—1
Wavrz(mi)

1+

)

where o,,(m; | d,~) = d?10*™: models the spatial
distribution of aftershocks around the parent event
with parameters d, v and ¢ (Kagan, 2002; Ogata and
Zhuang, 2006).

The link between the background and triggered
events can be characterized by an unobserved latent
branching structure (Hawkes and Oakes, 1974), where
each event i has an unobserved parent indicator B; and
is typically modeled by discrete integer values accord-
ing to:

)0, if event i is a background event,
‘ j >0, ifeventiistriggered by event j.

Background events occur according to a Poisson pro-
cess with intensity p(x) and serve as roots of clusters.
Each past event j independently generates offspring
events (aftershocks) according to a Poisson process with
rate p(t —t;,« — x; | m;). Although B, is not observed,
one can compute the probability that an event is either
a background event

Wi | 0,)

Py = , 5
O Nti, @, | Hy,,0,,0,) )

or triggered by a specific parent:

ot —tj,x; —x; | my)
)\(thwl | Htivoluatp)

P = (6)

This latent structure provides a probabilistic decom-
position of the catalog into background and triggered
events, highlighting the cascading nature of seismicity.

2.1 Log-Gaussian Cox Process (LGCP)

While the ETAS model relies on well-defined parametric
formulations of the triggering kernel, the spatial back-
ground component may display complex variability that
is difficult to capture with a simple parametric form. To
overcome this limitation, the background rate can in-
stead be modeled as a realization of a latent random
field, allowing for greater flexibility in representing het-
erogeneous spatial structures. In this work, we adopt a
hierarchical formulation in which the background in-
tensity is treated as a stochastic process rather than a
fixed but unknown function.

A natural extension in this direction is the Cox pro-
cess, or doubly stochastic Poisson process (Cox, 1955),
where the intensity function itself is modeled as a
stochastic process. Among the different formulations,
the log-Gaussian Cox process (LGCP) is particularly ap-
pealing: it assumes that the log-intensity is driven by
a Gaussian Random Field (GRF), which enables a non-
parametric and spatially correlated description of the
seismic background activity.

3

For a homogeneous Poisson process, the intensity A
can be expressed as

A = exp(po), (7)

where 1 represents the average log-intensity of the pro-
cess. In the case of an inhomogeneous Poisson process,
a spatially varying GRF z(x) can be added to account for
residual spatial correlation among points:

AMx) = exp{po + z(x)}. (8)

Here, 119 + z(x) serves as a linear predictor, represent-
ing the log-intensity of the point process as an additive
combination of a global mean level and a spatially struc-
tured GRF (Cox, 1955). This formulation is consistent
with existing Gaussian process-based ETAS approaches,
including logistic-Gaussian Cox process models and hi-
erarchical GP-based formulations, which similarly rely
on a latent Gaussian field (Molkenthin et al., 2022).

The latent component z(x) is naturally modeled as
a GRF, a powerful mathematical framework for repre-
senting latent or unobserved spatial processes (Cressie
and Johannesson, 2008; Stein, 1999; Chiles and Delfiner,
2012). In this context, the GRF captures the spatial cor-
relation structure underlying the LGCP background in-
tensity.

Formally, a Gaussian random field z(x), defined on a
spatial domain D C R?, is characterized by its finite-
dimensional distributions. That is, for any finite col-
lection of locations x4, ...,x, € D, the random vector
(2(x1),...,2(x,)) " follows a multivariate normal distri-
bution:

(Z($1)v"'72(:871))—r NN(:U"E)a (9)

where p is the mean vector and ¥ is the covariance ma-
trix. Estimating ¥ directly can be computationally ex-
pensive for large spatial datasets (Banerjee et al., 2003).
Instead, a standard correlation function can be used
to define the covariance between points based on their
spatial distance. A common choice is the Matérn covari-
ance function (Guttorp and Gneiting, 2006):

COV]\{(Cl?i7:Bj) = O'2COI'I']V[(:BZ',:BJ'), (10)

where o2 is the variance, and Corr,, is the Matérn cor-
relation function. For spatial locations x; and «;, the
Matérn correlation is defined as

1—v

I(v)

Corry (@i, ;) = (kllzi — ;)" Ko (sllzi — ;) ,

(11)

where ||z; — ;|| is the Euclidean distance between
points, K, is the modified Bessel function of the second
kind, and k and v are parameters controlling the range
and smoothness of the correlation. In many applica-
tions, v is fixed, simplifying the correlation to depend
mainly on « and the distance between points. Smaller
values of x correspond to stronger long-range spatial de-
pendence. The background parameter vector 6, intro-
duced in Section 2 is specified within the LGCP formu-
lation as consisting of the mean log-intensity o and the
parameters governing the Gaussian random field z(x),
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in particular the variance 02 and the range parameter
K.
Although the parameters o2 and x fully describe
the Gaussian field, computing the full covariance ma-
trix can be computationally demanding. By assuming
that the field is locally dependent—meaning that only
nearby points are correlated—the covariance matrix be-
comes sparse. This leads to an approximation of the
GRF by a Gaussian Markov random field (GMRF). Lind-
gren et al. (2011) provided a framework linking GRFs
with Matérn covariance to GMRFs, enabling efficient
computation even when the true spatial correlation is
long-range.

2.2 Stochastic Partial Differential equation
(SPDE)

Lindgren et al. (2011) showed that a GMRF can be ob-
tained as a finite-dimensional approximation to a GRF
with a Matérn covariance function, the field is defined
as the solution of a stochastic partial differential equa-
tion (SPDE), in a studied domain D, of the form:

(k2 = A2 (Tu) =W , (12)

where A is the Laplacian operator, W is Gaussian white
noise, and 7 is given by

2 I'(v)

= (AT (v 1 d)2)’ (13)

and the fractional power « is linked to the smoothness
parameter by p

a=v+g. (14)
For 1D cases, the SPDE can be solved by the finite
difference method. However, for higher-dimensional
problems such as seismicity distributions, it is solved
with the finite element method. Following Lindgren
et al. (2011), the finite element discretization leads to
a sparse precision matrix representation of the GMRF
(Edelsbrunner, 2001; Henderson et al., 2002; Hjelle and
Daehlen, 2006). The full finite element discretization, in-
cluding mesh construction, basis functions, and the ex-
plicit form of the mass and stiffness matrices, is detailed
in Appendix A.

2.3 Bayesian framework

Posterior inference is performed using a blockwise
MCMC scheme that largely follows the methodology of
Ross (2021) and Molkenthin et al. (2022). The main dif-
ference lies in the treatment of the spatially varying
background rate, which is here modeled as a LGCP and
inferred jointly with its parameters through a GMRF
representation and a Laplace approximation.

The MCMC algorithm updates the model components
sequentially in three weakly dependent blocks:

* the branching structure B,

« the background rate u(x,y), through joint updates
of the latent field » and parameters 6, using a
Laplace approximation,

+ the triggering parameters 6.
At iteration k, the state of the Markov chain is
Ok = (B, 2k O ks O k), (15)

and updates are generated using Metropolis-Hastings
steps targeting the joint posterior distribution

(B, 2,0,,0,|Y), (16)

where Y = {(t;,7;,y;,m;)}}Y, denotes the observed
earthquake catalogue, consisting of the occurrence
times ¢;, spatial coordinates (z;, y;), and magnitudes m;
of the N recorded events. The transition kernels are
constructed such that this posterior distribution is the
stationary distribution of the Markov chain. For com-
pleteness, the full conditional distributions, likelihood
formulations, and computational details of each MCMC
update step are provided in Appendix B.

3 Synthetic experiments

To demonstrate the potential of our approach to es-
timate the spatial background activity, we conducted
three tests by comparing three models: SPDE-ETAS,
GP-ETAS (see Appendix C for details), and Kernel
Density Estimation ETAS (KDE-ETAS; see Appendix D;
Zhuang et al., 2002). For the first two experiments,
all three models are considered, whereas only the
SPDE-ETAS and GP--ETAS models are used in the third
experiment.

3.1 Area-like source

The first experiment was conducted by generating a
synthetic ETAS-based catalog over a region [0.0, 5.0] x
[0.0,5.0] degrees for a period of 1000 days, with two
zones characterized by different background rates de-
fined as

() = {0.08, rel03]x 15,50,

0.01, otherwise.

For the aftershock parameters, we selected values
within the typical range of observations (Ogata, 1998;
Zhuang et al., 2004), namely K = 0.01, a = 1.70,
¢ = 0.01 days, p = 1.20, D = 0.015 km, v = 0.20,
and ¢ = 2.00. Earthquakes magnitudes are sampled
from a Gutenberg-Richter relation with b = 1.0, i.e.
8 = 2.30, and m > 0. The corresponding branching
ratio is n = 0.42, which represents the mean number
of offsprings generated by a parent (Helmstetter and
Sornette, 2002). This configuration ensures that after-
shocks are generated in both space and time, resulting
in a total of 1458 events. The spatial and temporal dis-
tribution is shown in Figs. 1a and f.

We then proceed to the estimation of the background
rate and triggering parameters using the SPDE-ETAS,
GP-ETAS, and KDE-ETAS models, and compare the re-
sults obtained for the same synthetic catalog. For the
GP-ETAS model, a regular grid is used as introduced in
Molkenthin et al. (2022) to discretize the domain into
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Figure 1 Synthetic catalog and experimental results of the first synthetic test. (a) True spatial background intensity with
the spatial distribution of the synthetic events (blue points). (b) Median background intensity estimated using the SPDE-
ETAS model. (c) Uncertainty of the SPDE-ETAS estimate, expressed as semi-interquartile 0.05, 0.95 distance (go5 — g5) /2. (d)
Background intensity estimated using the GP-ETAS model. (e) Background rate estimated using the KDE-ETAS method. (f)
Magnitude-time plot of the synthetic catalog. (g), (h), and (i) Cross-sections at latitudes 2.0, 3.0, and 4.0, respectively. The
black line represents the true background rate, the blue line the background rate estimated with KDE-ETAS, the red line and
shaded band the background rate and its 90% credible interval from SPDE-ETAS, and the green line and shaded band the

background rate and its credible interval from GP-ETAS.

2500 grid cells. The prior distributions for all param-
eters are set to finite uniform prior distributions, in-
dicating no specific prior knowledge. For the SPDE-
ETAS model, the domain is discretized using a triangu-
lar mesh, with smaller and more densely distributed el-
ements in regions of higher seismic activity. The finite
element method is then employed to solve the SPDE and
to estimate both the mass and stiffness matrices, which
are used to construct the precision matrix. The priors
for both the LGCP parameters and the triggering param-
eters are set to uniform distributions. The Laplace ap-
proximation is used to compute the mode of the pos-
terior distribution of the GMRF. Concerning the KDE-
ETAS, the minimum bandwidth is set to 0.05 degrees
with the number of nearest neighbors fixed to n, = 15
(Zhuang et al., 2002).

The results for the background rate estimated using
the SPDE-ETAS, GP-ETAS, and KDE-ETAS models are
shown in panels b, ¢, d, and e of Fig. 1. Both SPDE-
ETAS and GP-ETAS medians outperform the classical
KDE-ETAS, as the background rate in regions of highest
intensity is well recovered and exhibits a smooth spatial
structure, in contrast to the strong local fluctuations ob-
served in the KDE-ETAS estimates.

A more detailed comparison, including the associ-
ated uncertainty, is provided by the cross-sections along
latitudes 2.0, 3.0, and 4.5 (panels g, h, and i of Fig. 1),
which intersect areas of high background activity. In
these cross-sections, the credible bands of the SPDE-

5

ETAS and GP-ETAS models cover most of the ground
truth and remain spatially smooth, whereas the KDE-
ETAS estimates exhibit pronounced variability and pro-
vide no credible intervals.

Concerning the triggering parameters (Fig. 2), both
SPDE-ETAS and GP-ETAS also provide uncertainty dis-
tributions, unlike the point estimations of KDE-ETAS.
The posterior distributions obtained with the Bayesian
approaches consistently cover the ground-truth param-
eter values, highlighting the advantage of Bayesian
inference, which provides full posterior uncertainty
quantification. Another disadvantage of KDE is that the
nearest neighbor used for the bandwidth must be pre-
defined (see Appendix D) and is not the result of an opti-
mization procedure, which can lead to over-smoothing
or under-smoothing if an inappropriate nearest neigh-
bor parameter is selected. It is also worth noting that,
for GP-ETAS, the true values of the parameters K, c,
¢, and ~ lie close to the medians of the corresponding
posterior distributions (Fig. 2a, b, f, and g). The true
number of background events is also well covered by
the posterior distributions of both SPDE-ETAS and GP-
ETAS, with a slightly better performance observed for
GP-ETAS (Fig. 2h).

3.2 Fault-like sources

The second experiment is designed to be more realistic
with respect to earthquake occurrence, features three
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Figure 2 (a)-(g) Triggering parameter estimates, and (h) estimated number of background events for the first test case.

In all panels, the black dashed line indicates the true values,

the blue dashed line shows the KDE-ETAS estimates, the red

shaded area represents the SPDE-ETAS posterior distributions, and the green shaded area represents the GP-ETAS posterior

distributions.

elongated stripes representing fault zones with individ-
ual lengths and background rates. The synthetic catalog
is generated over the region [0.0, 5.0] x [0.0, 5.0] for a pe-
riod of 1000 days, with the background rate defined as

0.6, € [1.0,3.0] x [1.4,1.5],
0.6, x€[1.0,4.0]x [2.4,2.5],

"= 0.4, x€[2.0,3.0] x [4.0,4.1],
0.01, otherwise,

The aftershock parameters in this experiment are set
to K = 0.0, « = 1.80, ¢ = 0.01, p = 1.20, D = 0.015,
~v = 0.50, and ¢ = 1.80. Earthquake magnitudes are gen-
erated in the same manner as in the first test, using the
same b-value, with m > 0, resulting in a total number of
965 generated events.

The synthetic catalog and the inversion results are
shown in Fig. 3. The credible band of the SPDE-ETAS
tends to be wider than that of the GP-ETAS in regions
with high background seismicity, with noticeable fluc-
tuations, as also reflected in the semi-interquantile 0.05,
0.95 distance plot (Fig. 3b, ¢, d, g, h, and i). In certain ar-
eas, the SPDE-ETAS even reaches the maximum inten-

6

sity. In contrast, the KDE-ETAS exhibits strong fluctua-
tions and fails to reach the maximum intensity (Fig. 3e,
g, h, and i).

Itis important to note that this wider credible interval
for the SPDE-ETAS are not a systematic feature. This be-
havior is mainly observed in the second synthetic test,
particularly in regions with high background seismicity,
while it is not observed in the first synthetic test, where
both approaches yield comparable uncertainty levels.
In the second test, the wider SPDE-ETAS credible inter-
vals tend to better cover the true background rate, as
illustrated in the cross-sections (Fig. 3g-i), where the
SPDE-ETAS bands more consistently include the true
signal compared to the GP-ETAS. We therefore interpret
this behavior as a more conservative and robust quan-
tification of uncertainty in regions with high and spa-
tially structured intensity, rather than as a limitation of
the model.

The aftershock triggering parameters are well cov-
ered by the posterior distributions of the SPDE-ETAS
compared to the GP-ETAS, especially for the p-value
(Fig. 4a-g). Similar observations can be done on the
number of background events, where the SPDE-ETAS
outperforms the GP-ETAS (Fig. 4h).
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3.3 Computational efficiency and accuracy

The third synthetic experiment focuses on the compu-
tational efficiency (speed and memory usage), and ac-
curacy of both the SPDE-ETAS and GP-ETAS models.
In each case, the background rate is increased to gen-
erate a larger number of events. The setup and the af-
tershock parameters are kept the same as in the second
experiment, and a total of eleven synthetic catalogs are
generated, ranging from 185 to 5200 events. The estima-
tion procedure is then applied to all catalogs following
the same approach as in the first two experiments for
both the SPDE-ETAS and GP-ETAS models. The com-
putations were performed on a high-performance com-
puting cluster using a single node equipped with an In-
tel Xeon Gold 5115 CPU (2.40 GHz, up to 3.20 GHz), with
20 physical cores (2 sockets x 10 cores per socket, 40
threads) and 512 GB of RAM.

The results are shown in Fig. 5. As a measure
of the accuracy, we calculate the normalized sum
of the log-likelihood at N equidistant grid points,
where the posterior pdf of the background rate is
evaluated at the value of the true rate, i.e., LL =
(1/N) SN In[pdf (puene (,)]. A water level of 104 was
imposed to replace regions where the true background
rate falls to zero in the probability density function.
Larger £L values indicate a higher model accuracy. The
result is presented in Fig. 5a. SPDE-ETAS outperforms
GP-ETAS for most sample sizes, except for 493 and 5020
events where GP-ETAS performs slightly better. How-
ever, in regions with high background rate intensity, as
highlighted in the inset panel, SPDE-ETAS clearly out-
performs GP-ETAS for all sample sizes. Fig. 5b, and c
show the computational efficiency and memory usage
of both models for different numbers of events. As ex-
pected, due to the GMRF approximation for the latent
random field, which keeps the precision matrix sparse,
SPDE-ETAS is considerably faster and requires substan-
tially less memory than GP-ETAS, even for large cata-
logs.

4 Case study: Italian region

As a real-data application, we choose the Italian cat-
alog to show the results of the SPDE-ETAS model.
The dataset comprises more than 514,465 events span-
ning from 1960 to 2025, over a spatial domain of
[37°N,47°N] x [7°E, 18.5°E]. The data were obtained
from the website of the National Institute of Geophysics
and Volcanology of Italy (https://horus.bo.ingv.it, INGV),
which provides a homogenized catalog (Lolli et al.,
2020). For the fit, we selected the 14,802 events with
magnitudes M,, > 3.0 in the period from 1980 to 2025,
to ensure completeness of the fitted data (Fig. 6).

The priors and number of iterations used for the in-
ference are the same as those used for the synthetic
tests, except that no comparison with other models is
performed in this case because SPDE-ETAS has been
found to be superior in the synthetic tests, and the data
set is too large for the GP-ETAS model. The domain is
discretized using a triangular mesh, with a maximum
triangle area set to 100 km? to ensure higher density in
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regions with a large number of events. The runtime for
the Bayesian inference on this catalog is approximately
5 hours, which is efficient given the size of the dataset.
For comparison, we also apply the KDE-ETAS method to
estimate the parameters for three nearest-neighbor set-
tings: 5, 10, and 15. However, we could not include GP-
ETAS for this large dataset and long observation period,
as its computational cost becomes too high for catalogs
with around 10,000 events and above, as observed in our
experiments. The results for the background rate esti-
mation are shown in Fig. 7 on a logarithmic scale, in-
cluding the median background rate (panel a) and the
5% and 95% quantiles (panels c and d, respectively). The
highest background rate intensity is clearly located in
the Etna volcanic area, which is consistent with expec-
tations, as regions with fluids or magma are likely to ex-
hibit higher background seismicity (e.g., Zhuang et al.,
2002; Hainzl and Ogata, 2005; Lombardi et al., 2010).
The estimated background rate also aligns well with the
seismic hazard map of Italy MPS19 (Fig. 7b) (Meletti
et al., 2019), where areas with the highest background
rate correspond to regions with the highest probabil-
ity of exceeding specified ground-motion thresholds ac-
cording to the map.

The estimated triggering parameters are shown in
Figs. 8a-g and Table 1. Almost all KDE estimates ob-
tained with different nearest-neighbor values fall within
the credible intervals of the SPDE-ETAS model. The pa-
rameters are shown in Figs. 8h—j. The range scale (k) is
small, indicating strong correlations between points at
small distances, which is related to short-distance fluc-
tuations of the background rate (Fig. 8h), and the value
of 7, which controls the precision of the background
rate, indicates limited to moderate amplitudes of back-
ground intensity variations (Fig. 8i).

5 Discussion and conclusion

Reliable estimates of the spatially varying background
rate are essential for both long-term seismic hazard as-
sessment and operational earthquake forecasting. Tra-
ditional hazard assessments rely on two separate steps:
First, aftershocks are removed using a specific declus-
tering method. Second, earthquake rates are calculated
by zonation or smoothing of the declustered earthquake
locations. In contrast, SPDE-ETAS offers an approach
that consistently estimates the spatially varying back-
ground rate. Moreover, the Bayesian formulation natu-
rally quantifies the uncertainty of the background rate,
providing credible intervals that support both robust
hazard evaluation and operational forecasting.

We have demonstrated that the proposed SPDE-ETAS
model provides a fast and efficient approach for char-
acterizing the spatially varying background rate within
the Bayesian ETAS framework. The background seis-
micity is modeled using a LGCP with a GMRF, obtained
through the SPDE approach and discretized using a fi-
nite element method on a triangular mesh. The result-
ing sparse precision matrix enables efficient inference
via Laplace approximation, making the model compu-
tationally attractive for large-scale applications.

Three synthetic experiments were conducted to as-
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(a) Mean log-likelihood for equidistant grid cells, where the posterior distribution is compared to the true back-
ground rate. The SPDE-ETAS results are shown with the red dashed line with points, and the GP-ETAS results with the green
dashed line with points. The inset panel shows the sum of the log-likelihoods, normalized by the number of grid cells, for the
grid points corresponding only to regions of high background rate. (b) Computational efficiency of the GP-ETAS and SPDE-
ETAS models. Red circles indicate the elapsed time for SPDE-ETAS, and green circles for GP-ETAS. The red dashed line shows
the linear fit for SPDE-ETAS, and the green dashed line shows the fit for GP-ETAS. (c) Memory usage in Megabytes (MB) as a
function of the number of events for GP-ETAS and SPDE-ETAS, represented by the green and red dashed lines with points,

respectively.
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Method K « P c d 0 q

SPDE 0.019 1.30 1.18 0.015 0.10 0.23 1.50
f;“fedr'vztle (0.018,0021]  [1.26, 1.36] [1.17, 1.20] (0.012,0016]  [0.08,0.11] 0.22,0.25] [1.48, 1.53]
KDE (5) 0.018 1.27 1.17 0.015 0.10 0.25 1.50

KDE (10) 0.018 1.28 1.16 0.014 0.11 0.24 1.50

KDE (15) 0.019 1.27 1.17 0.014 0.11 0.25 151

Table 1 Estimated triggering parameters for SPDE-ETAS with credible intervals and KDE-ETAS with different nearest-

neighbor values.

sess the performance of the SPDE-ETAS model. The re-
sults show a clear improvement over the classical KDE-
ETAS approach and a substantial reduction in computa-
tional cost compared to GP-ETAS, while achieving esti-

mation accuracy that is comparable and better for back-
ground rate inference using both LGCP and SPDE for-
mulations. In particular, for large-scale spatial varia-
tions, SPDE-ETAS performs similarly to GP-ETAS, as
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background rate estimation.

demonstrated in the first synthetic test. However, for
small-scale spatial changes, such as the striped struc-
tures in the second synthetic test and as observed in the
third one, SPDE-ETAS provides superior performance.
This improvement is primarily due to the adaptive tri-
angular mesh, which allows local refinement and bet-
ter captures fine-scale heterogeneities. In contrast, GP-
ETAS relies on a regular mesh, which limits its abil-
ity to resolve such localized variations unless a much
finer global resolution is adopted, which is infeasible
due to computational costs. In addition, the proposed
approach allows for a robust quantification of uncer-
tainties in both the triggering parameters and the back-
ground rate. A further advantage of the SPDE formu-
lation lies in the intuitive interpretation of its parame-
ters, which are directly linked to physically meaningful
quantities such as correlation range and marginal vari-
ance.

The application to a complete Italian earthquake cat-
alog spanning a large spatial domain and a long time
period highlights the practical utility of the SPDE-ETAS
model. The approach is computationally efficient and
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scalable, while preserving good estimation accuracy,
and is therefore well suited for large seismic databases.

Several natural extensions of the present framework
can be envisaged. A spatio-temporal background rate
can be incorporated in a straightforward manner within
the LGCP framework (Soriano-Redondo et al., 2019;
D’Angelo et al., 2022; Taylor et al., 2013), by combining
two GMRFs: a spatial component obtained by solving
the SPDE in two dimensions using the finite element
method, as done in this study, and a temporal compo-
nent obtained by solving a one-dimensional SPDE using
finite difference methods (Muir and Ross, 2023). Such
an extension would be particularly relevant for the char-
acterization of seismic swarms, where aseismic tran-
sients often induce pronounced time-dependent varia-
tions in the background rate and may influence after-
shock triggering parameters (Marsan et al., 2013; Hainzl
et al., 2013). More recently, alternative nonparamet-
ric approaches, such as the estimation of inhomoge-
neous spatio-temporal background intensity functions
using graphical Dirichlet processes, have also been
proposed and could be incorporated within the ETAS
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Figure 8 Parameter estimations for Italy: (a)-(g) Posterior distributions of the triggering parameters. (h)-(j) Posterior dis-

tributions of the LGCP parameters.

framework as flexible priors for the background com-
ponent (Banales et al., 2026).

Additional improvements could include the explicit
modeling of short-term catalog incompleteness, which
is known to bias parameter estimation due to the miss-
ing detection of small events following large earth-
quakes (Hainzl, 2021), as well as the incorporation of
anisotropic aftershock kernels (Asayesh et al., 2025).
The latter is particularly relevant for large fault-related
events, where aftershock distributions often exhibit
strong directional dependence (Grimm et al., 2021,
2022).

In summary, the SPDE-ETAS model provides a flex-
ible, computationally efficient, and physically inter-
pretable framework for modeling spatio-temporal seis-
micity patterns within a Bayesian setting, while en-
abling a rigorous quantification of uncertainties.
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Appendix
A Finite Element Method (FEM)

We discretize the domain Q C R? using a triangular
mesh with nodes at the observation points and addi-
tional points added to ensure adequate mesh quality.
On this mesh, the SPDE (eq. 12) is approximated via
the finite element method. Using piecewise linear basis
functions {¢;}, we define the mass and stiffness matri-
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ces

Cij:/¢i¢jd33a Gij
Q (18)

= /Q Vi - Vo, da.

For different «, the precision matrix of the GMRF rep-
resentation is computed recursively:

Cgl,f-i2 = Kﬁ27 QQ,RQ

=K 2C 'Kz, Qqx (19)
= KNQC_lQa72,N2C_1K/{27 «
=3.,4,...
with
K.=G+ K*C (20)

This formulation naturally accounts for different
smoothness levels through o while maintaining the
finite element structure. Although, simple and effi-
cient, this version is only applicable if « is integer
constraining the analysis for integer smoothing values
only.

B Bayesian sampling

We consider an ETAS model with a latent branching
structure B, a spatially varying background rate u(x)
modeled as a LGCP (eq. 8), through the GMRF latent
field z, and parameters 6, = (uo, %, 7), and triggering
parameters 6, = (K, a,¢,p,q,d,7).

Our MCMC scheme consists of sequentially sampling
the parameters in three blocks: the branching struc-
ture B, the background rate u(x), via sampling the
GMRF latent field z and the hyperparameters (ug, %
and 7), and the triggering parameters 6,, which are
only weakly dependent conditional on the other blocks.
Let 0, = [Bx, 2,0k, 0, denote the current state.
The MCMC proceeds by iteratively generating updates
via Metropolis-Hastings (MH) sampling, with transition
kernels targeting the joint posterior

m(B,2,0,,04 | Y), (21)

such that this posterior is the stationary distribution of
the Markov chain, where 7 denotes the posterior distri-
bution.

The Markov chain is constructed such that its station-
ary distribution is the posterior distribution. In prac-
tice, posterior samples are obtained after a burn-in pe-
riod and are used to approximate the target distribution.
The MCMC algorithm was run for 1100 iterations, in-
cluding a burn-in period of 100 iterations. To reduce
autocorrelation in the Markov chain, thinning was ap-
plied by retaining every 20th sample for both the SPDE
latent field and the triggering parameters. The resulting
samples were used for posterior inference.

B.1 Sample branching structure

For each event ¢, we introduce a latent variable B; ¢
{0,1,...,7—1}, indicating whether the event is a parent
event (B; = 0) or triggered by a previous event j > 0.
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Conditional on [z, 8, x] and the triggering parameters
0,1, the exact conditional posterior of B; is

wij

P(B7 :j | }/’Zkae,u,mogo,k) = Ta (22)
where
wij =
(i, yi) = exp{po + zi(xi|k, 1)}, j=0,
k(mjlkk, ak) (23)
-g(ti — tjlew, pr)
'3($i—$j|dk7%7’}’k)a ] > 07
and \; = f;é w;;. Each B; can therefore be sampled

independently from this discrete distribution, yielding
a full posterior over all possible declustering realiza-
tions of the catalog.

B.2 Sample background rate

Conditionally on the branching structure By1, the par-
ent events

So={i:B; =0} (24)

We consider an inhomogeneous Poisson process in
space, with a background intensity modeled within an
LGCP framework(eq. 8). The GMRF z(x) is approxi-
mated using the SPDE representation (eq. 12) over a tri-
angular mesh, with piecewise linear basis functions ¢;
associated with each vertex of the mesh (Fig. 9). These
basis functions are equal to 1 at vertex j, 0 at all other
vertices, and linearly interpolated within each triangle.
Their values at any point correspond to the barycentric
coordinates within the triangle containing that point.

Latitude

Longitude

Figure9 Illustration of a triangular mesh applied to a syn-
thetic catalog
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For an observed parent event at location «, the back-
ground rate is evaluated by interpolation as

= ZM%’(%‘) (25)
=1

Let A denote the projection matrix with entries 4;; =
¢j(x;), so that u(x;) = (Au(x));, where p denotes the
discretized intensity at the mesh vertices.

The conditional log-likelihood of the background pro-
cess is then

bog(2) = (log(Apu( exp{uo + z(x)} dedt.
b gs:o g(Ap(x // p{ 1o

(26)

The spatial integral term is approximated numeri-
cally using a quadrature rule defined on the triangular
mesh. Let {x;}}_; denote the quadrature points (e.g.
triangle barycentres), and let o; be the associated area
weights, corresponding to the areas of the mesh trian-
gles. The integral is approximated as

/exp{u0+z(m)}dm R~ Zalexp{qurz(ml)}. (27)

=1

Let A denote the quadrature projection matrix with
entries A;; = ¢;(x;), which projects the background
rate intensity onto the quadrature points x; used for nu-
merical integration. The log-likelihood can therefore be
written as

thg = ) (log(Ap(z (o + 2))i},

i€Sp

TZ oy expf{ (A
(28)

where T is the studied time period.
The latent field z is assigned a GMRF prior

2~ N(0,Q7 (5, 7)), (29)
with log-density

N
log‘Q(Hv T)|+§(27T)7
(30)

1 1
logm(z | Kk, 7) = —§ZTQ(H,T)Z+ 3

where the precision matrix Q(«, 7) is derived from the
finite element discretization of the SPDE representa-
tion of the Matérn field (see Appendix A), log|Q(k, T)]
being the log determinant of the lower triangle of the
Cholesky decomposition, and N the number of vertices.
Combining likelihood and prior, the conditional log-
posterior is

IOg 7T(Z | Bk+17 Q/L,kv Y) =
D (Anlz,y))i-
1€So
p ~
T ayexp{(A(
=1

1 T

o + 2))i1}—

S loglQ(s P+ (2m) (1)
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Since this posterior distribution is non-Gaussian, we
apply a Laplace approximation around its mode

2 = argmaxlogm(z | Bit1,0,k,Y), (32)

leading to the Gaussian approximation
7(z | Brg1,0up, Y) = N(2,H'), (33)
where the negative Hessian at the mode is given by
H=Q+ A" diag(Ta; exp{(A(po + 2)):1}) 4. (34)

At iteration k, the SPDE parameters are sampled in-
dependently from uniform prior distributions,

R ~ u("imin; Hmax);
T ~ Z/[(7—mina Tmax); (35)

Conditionally on (ky, 7) and the observed data, the la-
tent field z; is updated using a Laplace approximation
of its conditional posterior distribution, as described
above.

B.3 Sample triggering parameters

Conditional on By4;, the triggering parameters
(K,a,¢,p,d, q,v) can be sampled from their respective
conditional posteriors. Let S; = {i : B; = j} denote the
offspring of event j.

Productivity parameters (K, a):

gK,oz =
N
> (18 hog n(m, |, @) = n(m, | K, )G(T ~ t;]e.p) ).
Jj=1
(36)

where G is the integral over time of the Omori-Utsu
function.

Temporal kernel parameters (c, p):

N
Ec,p = Z ( Z IOgg(ti - tj‘(l,p)

j=1 ies, (37)
— w(mj | K, @)G(T = t;]c,p)).

Spatial kernel parameters d,q,v: Define (z},y}) =
(z; — xp,,y; — yp, ) for each offspring i. Then the condi-
tional log-likelihood is

ligy = Z log s(x

1:B; >0

fld,q,7). (38)

C GP-ETAS

In GP-ETAS (Molkenthin et al., 2022), the background
intensity u(x) is modeled nonparametrically using a
Gaussian process (GP) prior:

() = Ao (f(x)), (39)
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whereo(z) = 1/(1+e~#) isthelogistic sigmoid ensuring
w(x) € [0,)], and f(z) ~ GP(m(z), k(x,x’ | v))isa
latent GP capturing spatial correlations.

The GP defines a joint Gaussian distribution over any
finite set of locations {x1, ...,z Kk }:

[f(@1),... f@)] " ~ N(m(y), ..., m(zx)] " K),

(40)

with a mean vector m(x), and covariance matrix K
given by k(x;, z; | v).

This formulation allows p(x) to be learned directly
from the data in a Bayesian way without specifying
a functional form a priori, while the GP prior com-
bined with data augmentation leads to conjugacy and
simplifies posterior inference (Rasmussen, 2013). The
Bayesian scheme used in this paper for the GP-ETAS is
identical to that introduced in Molkenthin et al., 2022,
with the same number of iterations as for SPDE-ETAS,
to ensure fair comparison.

D KDE-ETAS

The background intensity p(x) is estimated using a ker-
nel density estimator with variable bandwidth (Zhuang
etal., 2002), according to:

1 Np
_ 0 .
Lkde(T) = T E_l p; ka,(x — x;), (41)

where T is the observation period, p{ is the background
probability of event ¢, and kg4, () is a Gaussian kernel
with bandwidth

d; = maX{dmim Ting }7 (42)

with r; , the distance to the n, nearest neighbors. The
value of n, must be predefined and is not a result of the
optimization. Typical choices are di, € [0.02,0.05] de-
grees and n,, € [10, 100] (Zhuang et al., 2002).
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